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Abstract 

The main result of the paper is a natural construction of the spherical subalgebra in a 
symplectic reflection algebra associated with a wreath-product in terms of quantum hamilto- 
nian reduction of an algebra of differential operators on a representation space of an extended 
Dynkin quiver. The existence of such a construction has been conjectured in [EG]. 

We also present a new approach to reflection functors and shift functors for generalized 
preprojective algebras and symplectic reflection algebras associated with wreath-products. 

Table of Contents 

1. Introduction 

2. Calogero-Moser quiver 

3. Radial part map 

4. Dunkl representation 

5. Harish-Chandra homomorphism 

6. Reflection isomorphisms 



7. Appendix A 

8. Appendix B 

9. Appendix C 



Extended Dynkin quiver 
Proof of Proposition 3.7.2 
Proof of Theorem 4.3.2 



1 Introduction 

The main result of the paper is the proof of [EG, Conjecture 11.22] that provides a natural construc- 
tion of the spherical subalgebra in a symplectic reflection algebra associated with a wreath-product 
in terms of quantum hamiltonian reduction of an algebra of differential operators. 
To state the main result we briefly recall a few basic definitions. 

1.1 Quantum Hamiltonian reduction. Throughout, we work with associative unital C- 
algebras. We write Hom = Home, ® — etc. 

Let A be an associative algebra, that may also be viewed as a Lie algebra with respect to the 
commutator Lie bracket. Given a Lie algebra g and a Lie algebra homomorphism p : g — > A, one 
has an adjoint g-action on A given by adx : a i— > p{x) ■ a — a ■ p{x), x G Q, a € A. The left ideal 
A- p{g) is stable under the adjoint action. Furthermore, one shows that multiplication in A induces 
a well defined associative algebra structure on 



2t(A,0,p) := {A/A-p{g)) 



ad£i 
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the space of adg-invariants in A/A-p{q). The resulting algebra Ql{A,g,p) is called the quantum 
Hamiltonian reduction of A at p. 

Observe that, if a e ^ is such that the element amodA- p{q) e A/A-p{q) is adg-invariant, 

then the operator of right multiplication by a descends to a well-defined map Ra '■ A/A ■ p(q) — > 
A/ A ■ p{q). Moreover, the assignment a Ra induces an algebra isomorphism S2t(A, = 
{A/A-p{g)f' ^{EndAiA/A-pis)))"". 

If A, viewed as an adg-modulc, is semisimple, i.e., splits into a (possibly infinite) direct sum 
of irreducible finite dimensional g-representations, then the operations of taking g-invariants and 
taking the quotient commute, and we may write 

21(^,0, p) = {A/A-p{Q}y'' = A-'^/{A-p{g)r^. (1.1.1) 

Observe that, in this formula, {A ■ p{g))^'^^ is a two-sided ideal of the algebra A^'^^. 

Any ^-module M may be viewed also as a g-module, via the homomorphism p, and we write 
:= {m € M \ p{x)m = 0, Vx S g} for the corresponding space of g-invariants. Let (A, g)-mod 
be the full subcategory of the abelian category of left A-modules whose objects are semisimple as 
fl-modules. Let 21(>1, 0,p)-mod be the abelian category of left 2l(A, g, p)-modules. 

One defines an exact functor, called Hamiltonian reduction functor, as follows 

H: (A,0)-mod^2l(A0,/f)-mod, Mi — ^ H(M) := HomA(^M-p(fl), M) = M^, (1.1.2) 

where the action of 2t(A, g, p) on H(M) comes from the tautological right action of EndA(>l/Ap(g)) 
on A/A-p{g) and the above mentioned isomorphism 2l(A,g,/9) = {E,ndA{A/ A- p{g))Y'^ ■ 

1.2 Symplectic reflection algebras for wreath-products. Let n be a positive integer. Let 
Sn be the permutation group of [l,n] := {l,...,n}, and write s^m G Sn for the transposition 
£ -i-^ m. Let L be a 2-dimensional complex vector space, and u a symplectic form on L. 

Let r be a finite subgroup of Sp(L), and let r„ := Sn x F" be a wreath product group acting 
naturally in L". Given £ G [1, n] and 7 G F, resp. v G L, we will write 7(£) G r„ for 7 placed in 
the ^-th factor F, resp. V(^iy G for v placed in the £-th factor L. 

According to [EG] , there is a family of associative algebras, called symplectic reflection algebras, 
attached to the pair (L",r„) as above. To define these algebras, write ZT for the c;enter of the 
group algebra C[F] and let ZgT c ZT be a codimension 1 subspace formed by the elements 

c = V • 7 e .^r, Vc^ e C. (1.2.1) 

Given t,k G C and c G ZqT, the corresponding symplectic reflection algebra Ht,k,c{^n), with 
parameters t,k,c, may be defined, cf. [GG, Lemma 3.1.1], as a quotient of the smash product 
algebra T{L^) xi C[r„] by the following relations: 

=i- 1+ 2 H Zl^'^^^W^M + Yl ^77W' y£G[l,n]; (1.2.2) 
k . 

[u{e),v^rn)] = - 2 e L, £,mG [l,n], £y^m, (1.2.3) 
where {x, y} is a fixed basis for L with u){x, y) = 1. 
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1.3 Quivers. Let Q be an extended Dynkin quiver with vertex set /, and let o e / be an 

extending vertex of Q. 

Definition 1.3.1. The quiver Qcm obtained from Q by adjoining an additional vertex s and an 
arrow b : s ^ o is called the Calogero-Moser quiver for Q. Thus, /cm = / U {s} is the vertex set 
for Qcm , and the vertex s is called the special vertex. 

Given a = {(^i}ieicM ^ Z^™, a dimension vector for Qcm, write 

Rep„(QcM):= Hom(C«SC"0 = Mat(a,- x a^, C) (1.3.2) 

for the space of representations of Qcm of dimension a. Let ^{Qcm, ct) be the algebra of polynomial 
differential operators on the vector space Rep„(QcM)- 

The group GL(a) := Jlj^j^^^ GL(C"') acts naturally on Rep^^{QcM), by conjugation. Hence, 
each element h of the Lie algebra Ql{a) :— LieGL(a) gives rise to a vector field on Rep^(QcM)- 
This yields a Lie algebra map ^ : gl{a) — > &{QcM,Oi). 

The center of the reductive Lie algebra Qi{a) = ®ig/0[(ai) is clearly isomorphic to C^. There- 
fore, associated with any x = {Xi}ie/ G C-^, one has a Lie algebra homomorphism x '■ £lK<*) ~^ 

1-^ X^ie/Xi ■ Tra;i- We will use additive notation for such homomorphisms and write 
I ~ X • flt(Q^) ^ ^(QcM, a) (rather than $,®{—x)) for the Lie algebra map h^^f^ — x{h)-lsi. Let 
Im(^ — x) denote the image of the latter map. 

We may apply Hamiltonian reduction (1.1.1) to the algebra ^(QcM,a) and to the Lie algebra 
map ^ — X- This way, we get the algebra 

2l(^(gcM, a), fll(a), i-x) = ^(Qcm, a)«L("VJx> (1-3-3) 
where := {9{QcM,a)-\m{i - x))^''^"^ 

Let T*Rep„((5cM) be the cotangent bundle on Rep„(<5cM)- The total space of the cotangent 
bundle comes equipped with the canonical symplectic structure and with a moment map 

/X : T*Rep„(gcM) flK")* = 0t(«)- (1-3-4) 

Wc may apply the classical Hamiltonian reduction to C[T*RepQ,((3cM)], the Poisson algebra of 
polynomial functions on T*Rqp^{Qcw)- This way, we get the Poisson algebra C[/Lt~-^(0)]^'"'") of 
GL(a)-invariant polynomial functions on the zero fiber of the moment map. The algebra in (1.3.3) 
may be viewed as a quantization of the Poisson algebra C[/Li~^(0)]'^^("). 



1.4 Main result. Prom now on, we fix n e N, a 2-dimensional symplectic vector space L and 
r C Sp{L), a finite subgroup as in §1.2. To {n,L,r), we will associate a quiver Q, a dimension 
vector a, and a character x as follows. 

We let Q be an affine Dynkin quiver associated to F via the McKay correspondence. Thus, the 

set / of vertices of Q is identified with the set of isomorphism classes of irreducible representations 
of F. Let Ni be the irreducible representation of F corresponding to the vertex i G I, and let 
5i = dim A^j. The extending vertex o G I corresponds to the trivial representation of F, so = 1- 
The vector S = {(5^},^/ G is the minimal positive imaginary root of the affine root system 
associated to Q. Motivated by M. Holland [Ho], we put 

d = {di}iei & I'' , 5i:=n(-5i + V ,,,,.Jh(a)), & I- (1-4.1) 

^-^{aeQcM I t(a)=i} 
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Given a central element c G ZT, write Tr(c;A'^;) for the trace of c in the simple F-module 
Ni, i G I. Thus, for any c G ZoT, see (1.2.1), we have J2iei ' Tr(c; Ni) = 0. Associated with any 
data n e N, fc e C, and c G ZoT, we introduce three vectors 

X = {Xj.e/CM, X' = Wi},eicM e C^™, and A(c) = {X{c),},ei e C' , such that S ■ A(c) = 1, 

where we have used standard notation 6 ■ X = 6i- Xi. These vectors are defined as follows 

X{c),:=Tr{c;N,) + S,/\T\, Vi € /; 

:=n(fc-|r|/2-l) + l, Xo = X{c)o-do-k-\r\/2, Xi = K^h - di, € /\{o}; 
:=X.-l=n(fc-|r|/2-l), x'i = Xi, Vi G /. (1.4.2) 

We are going to consider representations of the quiver Qcm with dimention vector 

a = {ai}ieicM ^ ^>o ' where := 1, and Ui := n-6i, Vi e /. (1.4.3) 

Let x' e C^™ be as in (1.4.2), and let J^' = (i^(QcM,a) • Im(^ - x'))^^^""* be the corre- 
sponding two-sided ideal in ^(QcMjCt), cf. (1.3.3). Write e :— jp—^ SgGr„ 9 'symmetrizer' 
idempotent viewed as an element of the symplectic reflection algebra Ht.k,c(Tn)- 

We are now in a position to state our main result about deformed Harish-Chandra homomor- 
phisms for symplectic reflection algebras associated with a wreath-product. According to [EG], 
the importance of the deformed Harish-Chandra homomorphism is due to the fact that this ho- 
momorphism provides a description of the spherical suhalgebra eV\t.k,c{T 7i)^ C y^t,k.c{Tn) in terms 
of quantum Hamiltonian reduction of the ring of polynomial differential operators on the vec- 
tor space ^^PaiQcu)- In the special case of a cyclic group V C 5^2 (C), that is, for quivers Q of 
type Am (equipped with the cyclic orientation), the deformed Harish-Chandra homomorphism has 
been already constructed in [Ob], see also [Go]. In all other cases, a construction of the deformed 
Harish-Chandra homomorphism ^k,c will be given in the present paper. 

Our main result reads 

Theorem 1.4.4. Assume that T C SL2{C) is not a cyclic group of odd order (i.e. Q is not of type 
^2m), o,nd put t := l/jFj. Then, for any n e N, A; G C, c € ZoT, there is an algebra isomorphism 

: 2l(^(gcM,a),sKa),^-x') = i^(QcM, a)'^^^"VJx' ^ eHt,k,c{Tn)e. 

Furthermore, the map ^k,c is compatible with natural increasing filtrations on the algebras 
involved and the corresponding associated graded map gives rise to a graded Poisson algebra iso- 
morphism, cf (1.3.4); 

gT^k,c : C[)U-i(0)]«L(«) ^ gr(eH,,fc,,(r„)e). 

This theorem is a slightly modified and corrected version of [EG, Conjecture 11.22] (in [EG], 
as well as in the main body of the present paper, everything is stated in terms of the quiver Q 
rather than in terms of the Calogero-Moser quiver Qcm, see Definition 5.2.1 and Theorem 5.2.4 
in §5.2 below; however, the two approaches are easily seen to be equivalent). Theorem 1.4.4 is a 
common generalization of two earlier results. The first one is [GG2, Theorem 6.2.3], cf. also [EG, 
Corollary 7.4]; it corresponds to the (somewhat degenerate) case of F = {1}. The second result, 
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due to M. Holland [Ho], is a special case of Theorem 1.4.4 for n = 1, where the symplectic reflection 
algebra is Morita equivalent to a deformed preprojective algebra of [CBH]. Also, in the special 
case of a cyclic group F = Z/mZ the isomorphism of Theorem 1.4.4 has been recently constructed 
in [Go] using the results from [Ob]. 

A 'classical' counterpart of Theorem 1.4.4 involving classical Hamiltonian reduction (at generic 
values of the moment map (1.3.4)) has been proved in [EG, Theorem 11.16]. 

Combining Theorem 1.4.4 with (1.1.2), and using the same argument as in the proof of [GG2, 
Proposition 6.8.1], we deduce 

Corollary 1.4.5. There exists an exact functor of Hamiltonian reduction 
M: {^{Q CM, ct),Qi{a)) -mod — > eH(,fe,c(r„)e-mod. 
This functor induces an equivalence {S>{QcM,Oi),gl{a))-mod/ KerM ^ eHj^fc^c(r„)e-mod. □ 

We expect that the Hamiltonian reduction functor induces an equivalence between the subcat- 
egory of (f^((5cM. a). flK'^))"'^°'^ formed by i^-modulcs whose characteristic variety is contained 
in the Nilpotent Lagrangian, see [Lul, §12], and the category of finite dimensional eHt^k^ci^n)^- 
modules. 



1.5 Four homomorphisms. Our construction of the isomorphism ^ in Theorem 1.4.4 is 
rather indirect. It involves four additional algebras and four homomorphisms between those alge- 
bras, which are important in their own right. 

The first algebra, to be denoted W{Qcm), is a slightly renormalized version of the deformed 
preprojective algebra, with appropriate parameters, cf. [CBH], associated to the Calogero-Moser 
quiver Qcm- The second algebra, to be denoted B, contains the spherical algebra eHf.fe^c(r„)e 
as a subalgebra. The algebra B is a 'Calogero-Moser cousin' of generalized preprojective algebras 
introduced by two of us in [GG, (1.2.3)], see also Definition 6.1.3 below. 

The third algebra, 1^, is a 'matrix-valued' counterpart of the algebra introduced in (1.3.3). To 
define this algebra, we introduce the following vector spaces 

N = ©ie/cMNi, where := A^* = C, and := A^*(g)C", € I. (1.5.1) 

Thus, we have Ni ~ C"', so the group GL{a) acts on N in an obvious way, and this gives the 
tautological representation r : Ql{a) EndN. Following M. Holland [Ho], we apply the quantum 
Hamiltonian reduction to the algebra ^{Qcm, ct)® End N and to the Lie algebra homomorphism 

I - (X - t) : 0l(a) ^ ^(QcM, a)0 End N, h^^i^md^ - l®(8)(x(/i)ldN - r(/i)) , 
where x '■ flK'*) ^ C is as in (1.4.2). This way, we get an algebra 

(^(QcM,a)®EndN) '^^^"^ 
((^(QcM , a)® End N) •Im(^ - (x - r))) 



Now, let = (L\{0})/C^ be the projective line. We will consider an appropriate r„- 
equivariant vector bundle of rank dimN on 3C, where 3C C (P^)" is a r„-stable Zariski open 
dense subset in the cartesian product of n copies of P^. Further, we will define a certain algebra 
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!^{X,p, g) of twisted differential operators acting in that vector bundle, see §3.1 for the notation 
and also (3.6.1). 

One has the following diagram of four algebra homomorphisms, all denoted by various 6's, 
involving the four algebras introduced above 

n'(QcM) (1.5.3) 




In this diagram, the map QHoUand jg slightly rcnormalized version of) an algebra homomor- 
phism introduced by M. Holland in [Ho]. The map O^"""^' is a F-analog of the Dunkl representation 
for rational Cherednik algebras, cf. [EG]. The map QR^^diai jg obtained by a 'radial part' type con- 
struction with respect to an appropriate transverse slice to generic GL(Q:)-orbits in Rep^{QcM)- 
We produce such a shce using a map L®" Rep„((5cM), which is generically injcctive and is such 
that its image is generically transverse to GL(a)-orbits in Rep^iQcM)- Our radial part construction 
associates to a GL(Q:)-invariant differential operator u € {^{Qcm^ck)'^ End N)^^*'"'' a r„-invariant 
twisted differential operator 0^''<^''^'(u) e S'{X,p, g)^". 

The fourth map, 9Q"'"^«"', is new. The main idea behind the construction of this map, as well 
as the definition of the algebra B, will be outlined in §1.7 below and a more rigorous treatment 
will be given later, in §2.2. 

Remark 1.5.4. In the special case of a cyclic group T = Z/mZ, the Dunkl operators that we 
consider are not the same as those introduced earlier by Dunkl-Opdam in [DO]. 

1.6 Strategy of the proof of Theorem 1.4.4. The proof of the main theorem is based on 
the following key result 

Theorem 1.6.1. Diagram (1.5.3) commutes, i.e., we have: e^^<i'*i » 6"°"^"^ = eOunki „ QQuiver 

The proof of this Theorem is long and messy; it occupies about one half of the paper. In the 
proof, wo cxphcitly compute both sides of the equation eRadiai „ QHoUand^^.^ ^ gDunki „ QQuiver^^^^ 
for an appropriate set {x, x € H'((5cm)} of generators of the algebra I1'{Qcm)- 

To deduce Theorem 1.4.4 from Theorem 1.6.1, one has to be able to replace in diagram 1.5.3 
the algebra T^, of 'matrix valued' twisted differential operators, by a 'smaller' algebra of scalar- 
valued twisted differential operators of the form 2t(^((5cM, a), Qi{a), ^ — x) > that appears in The- 
orem 1.4.4. 

To this end, let Ps G End N denote the idenipotent corresponding to the projection N = 
®jeicM ~* ^ '^^ (1-4-2), one proves 

PsI^Ps ^ ^(QcM, a)°^("VJx' = 21(^(Qcm, a), gi{a), ^ - x') =: ^x'- (1-6-2) 

Write Ci for the idempotent in the algebra I1'{Qcm) corresponding to the trivial path at i. 
It is easy to see that the map OQ"'^'''' sends the subalgebra esIl'{QcM)es C H'((5cm), spanned 
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by paths beginning and ending at the special vertex s, into eHt.k,c{^n)G, a subalgebra in B. 
Furthermore, restricting diagram (1.5.3) to the subalgebra CsU.' {QcM)es, one obtains four algebra 
homomorphisms along the perimeter of the following diagram 

e.n'(gcM)e« (1.6.3) 




Here, ^{3C,p, £>s)^" stands for an appropriate ring of scalar-valued r„-invariant twisted differential 

operators on X. 

The perimeter of diagram (1.6.3) commutes by Theorem 1.6.1. In addition, one proves 
Lemma 1.6.4. In diagram (1.6.3) , the map ©■f^o"'^"'^ is surjective and the map ©■0™*=' is injective. 
It is clear that the Lemma yields 

QHoUand ^ j^^^^QRadial ^ QHolland-j _ -[^j,j.^0Dunkl ^ QQuivcr-j ^ KcrS^"'^®''. 

The resulting inclusion Ker eHoHand ^ j^^^. QQuiver jj^plies that we may (and will) define the dashed 
arrow ^k,c in diagram (1.6.3) to be the composite 

^(QcM,a)"^(") (9"°"-<^)-^ e,n-(gcM)e. ^ e.n-(QcM)e. r eQ"'-- ^ 

JJ^/ KerGHoiiand Kere«"'^«'^ *' '"^ ' 

To complete the proof of Theorem 1.4.4, one observes that all the objects appearing in diagram 
(1.6.3) come equipped with natural filtrations, and all the maps in the diagram are filtration 
preserving. Therefore, to prove that the map ^k,c is bijective, it suffices to show a similar statement 
for gr$fc^c, the associated graded map. The latter statement follows readily from the results of 
[CB] and [GG2] concerning the geometry of moment maps arising from representations of affine 
Dynkin quivers. 

1.7 The algebra B and the map ©Q"'"^*^"". To define the algebra B that appears in diagram 
(1.5.2), we will first introduce in (2.2.1) certain idempotents ej,„_i G C[r„], i G I. Then, we let 

M:= Ht,fe,c(r„)e0(e,e/ Ht,fe,,(r„)e,,„_i) . (1.7.1) 

Thus, M is a left Ht_;j^c(rn)-module, and we put B := (EndH^ j, ^(r„) M)°p. This endomorphism 
algebra is built out of Horn-spaces between various Ht^ft^c(r„)-modules which appear as direct 
summands in (1.7.1). The Horn-spaces are easily computed, and we find 

B= Bij, where Bg,^ = eHe, and (1-7.2) 



7 



Each direct summand B^ j here is a subspacc of the algebra ^i,k.c(I^n), and muhiphcation in 
the algebra B is given by 'matrix multiplication' Bjj x Bj^k Bj^^ where, for each i,j,k € Iqm, 
the corresponding pairing is induced by the multiplication in Ht^k,c{^n)- 

Our construction of the map QQ"'^'*'' is based on an exact functor 

Ht,fe,c(r„)-mod — > n(QcM)-mod, M^M. (1.7.3) 

To define this functor, let i(i), resp. r(i), be a copy (inside the algebra Ht^k,c{^n)) of our 2- 
dimensional vector space L, resp. copy of the group F, corresponding to the first direct summand in 
I/®". Further, let Sn-i be the subgroup of Sn which permutes [2, n], and let r„_i = Sn-i x F"~^ C 
r„ be the wreath-product subgroup corresponding to the last n — 1 factors in F". It is clear from 
the commutation relations in T(L®") x C[r„] that any element of the subalgebra Hj-i-j C ^t,k,c(^n)i 
generated by and F(i), commutes with r„_i. 

Now, let M be an arbitrary left Ht,k,c{^n)-^odule. We deduce that the space M^"-i c M, 
of r„_i-invariants, is stable under the action of the subalgebra H(i). Thus, to each vertex 
i G Q we may attach the vector space Mj := Homr(i) (-A^i, M'"""^), the corresponding F(i)- 
isotypic component. Further, following the strategy of [CBH] and using the McKay correspon- 
dence, we see that the action map L(i)(g)Af'""-i M^"-i induces linear maps between various 
isotypic components Mj. This way, the collection {Mjjig/ acquires the structure of a represen- 
tation of the quiver Q. In addition, the subspace := C M is clearly contained in 
Mo = Homr^j) (A^o, = M^"-^ as a canonical direct summand. Therefore the imbedding 
b : Ms — > Mo and the projection b* : Mo Ms provide additional maps, making the collection 
{Mi}i^i^^ a representation of the quiver QcM- One can check that this representation descends 
to a representation of the algebra II(Qcm), which is a quotient of the path algebra of Qcm- Thus, 
to any /j, c(r„)-module M we have assigned a n(QcM)-iiiodule M = ®ie/cM-^i- This gives the 
desired functor (1.7.3), cf. §1.8 below for a generalization. 

Finally, we apply the functor M\-^M to M := M, the Ht,fc,c(rn)-module in (1.7.1). It is 
immediate from (1.7.2) that one has a natural bijection B = M. The bijection gives B the structure 
of a left n((5cM)-module, moreover, the action of n((5cM) on B commutes with right multiplication 
(with respect to the algebra structure) by the elements of B. It follows that the n(QcM)-inodule 
structure on B comes, via left multiplication, from an algebra homomorphism TI{Qcm) B. The 
latter homomorphism clearly restricts to a homomorphism esIl{QcM)es ^a,s = G^t,k,c(^n)G. 

There is a modification of the above construction, to be explained in §2.2, in which the algebra 
n(QcM) is replaced by the renormalized algebra II'{Qcm)- This way, one obtains similar algebra 
homomorphisms 

QQuiver . n'(QcM) ^ B, and 6^'^'^^'^ : e«n'(QcM)e. ^ B,,, = eHt,fe,e(r„)e. (1.7.4) 

1.8 Applications to Reflection functors and Shift functors. In §6, we study reflection 
functors and shift functors for generalized preprojective algebras and symplectic reflection algebras 
associated with wreath- products, cf. [GG]. 

More generally, let Q be an arbitrary (not necessarily extended Dynkin) quiver, with vertex 

set /. Write £ = (Cij) for the generalized Cartan matrix of Q and W for the Weyl group W, 
defined as the group generated by the simple refiections rj for z e /. The group W acts on C-^ as 
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For any A G C^, one has an algebra Il'^{Q), a renormalized version of the corresponding deformed 
preprojective algebra studied in [CBH]. Further, for any integer n > 1, and complex parameters 
v G C and A e C^, we have associated in [GG, (1.2.3)], see also Definition 6.1.3 below, a generalized 
preprojective algebra A„_a,i/(Q)- 

For each i € I, there are reflection functors for the corresponding deformed preprojective al- 
gebras n^((5), introduced in [CBH], and also their analogues for generalized preprojective algebras, 
introduced in [Ga]: 

: A„,A,,.(Q)-mod A„,,^(;,),„(Q)-mod. (1.8.1) 
We will show in §6.6 that those functors satisfy standard Coxctcr relations: 

Proposition 1.8.2. For the reflection functors Fi for generalized preprojective algebras, one has: 

(i) IfX^±pv^O forp = 0,l,...,n~l, then if = Id. 

(ii) Suppose =0. If Xi ±pv ^ and Xj ±pi> ^ for p ~ 0,1, n — 1, then FiFj = FjFi. 
(ill) Suppose €ij = — 1. If Xi±pv ^ 0, Xj ipv ^ and Aj + Xj ipv for p = 0,1, n—1, 

then FiFjFi = FjFiFj. 

Part (i) of the Proposition has been already proved in [Ga, Theorem 5.1]; parts (ii) and (iii) are 
new. In the special case n = 1, the Proposition is due to [CBH], [Na], [Lu2], and [Mafj. However, 
we believe that, even in that special case, our proof appears to be simpler. 

Next, given c as in (1.2.1), we put 

c' := ^ {2t- Cj)--f~'^ and e_ := ^ ^ (-l)''cr(eo(g) • • • Oe^). 
7er\{i} ctgs„ 

Using our main Theorem 1.4.4 and reflection functors, we will deduce 

Corollary 1.8.3. Fort = 1/\T\ and any c as in (1.2.1), there are algebra isomorphisms 

eHt,k,ce ^ e_Ht,fe_2t,c'e_ ~ e_Ht,/j_2t,ce_. 

We will prove the first isomorphism above in §5.3 and the second in §6.7. Using the composite 
isomorphism in Corollary 1.8.3, we define the shift functor to be the functor 

§ : Ht,fe,c-mod — > Ht^k-2t,c-mod, V Ht,fe_2t,ce-OeHt,fc,eeeV. (1.8.4) 

Finally, we can extend the construction exploited in the definition of the map ©Q"'™'' to an 
appropriate, more general, context as follows. 

Let T be any nonempty subset of /. Generalizing the definition of Calogero-Moser quiver, let Qt 
be a quiver obtained from Q by adjoining a vertex s, called the special vertex, and arrows hi : s ^ i, 
one for each i G T. Recall that denotes the idcmpotcnt in the path algebra corresponding to a 
vertex i. Thus, given A G C''^, we write A = ^ AjCj, and we also put Ct ■= J2ieT ^i- 

In §6.2, for any n > 1, A G C^, v G C, we introduce an exact functor 

G' : A„,A,.(Q)-mod n';,_,,^+„,,^ (QT)-mod. (1.8.5) 
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The construction of reflection functors for generalized preprojective algebras, see (1.8.1), implies 
readily that, for any i € I, one has the following commutative diagram 



A„,A,!.(<3)-mod ■ 

G' 



■ A„,r-,(A),./(<3)-mod 



(1.8.6) 



n' 



f' 

(<3T)-mod ^ K,(x)-,.eT+nue, (QT)-mod 



The functor (1.8.5) is a generalization of the functor Mi—^M considered in §1.7 in the following 
sense. Let Q be the extended Dynkin quiver associated to a finite subgroup F c SL^i'C). Given a 
data (n, fc, c), as in (1.4.1), put t = l/|r| and v = k ■ |r|/2. The generalized preprojective algebra 
An,A,i/(Q) is Morita equivalent, according to [GG], to the symplectic reflection algebra Ht.k,c(rn), 
so one has a category equivalence Ht_fc_c(rn)-mod ^ An,\,^{Q)-mod. Therefore, composing this 
equivalence with (1.8.5), yields a functor Ht^/s^c(r„)-mod — > n^_^g^_,_„yg^((5T)-mod. The latter 

functor reduces, in the special case of the one point set T = {o}, to the functor Mt-^M considered 
in §1.7. 



1.9 Quantization of the Hilbert scheme of points on the resolution of Kleinian singu- 
larity. The shift functor (1.8.4) is the F-analogue of the shift functor introduced in [BEG] in the 
case of the trivial group T. The latter functor has been used by Gordon-Stafford [GS] to construct 

quantization of the Hilbert scheme of n points of the plane C^. 

Now, let X ^ L/T he the minimal resolution of the Kleinian singularity L/F and let Hilb"X 
be the Hilbert scheme of n points in X. It should be possible to use the shift functor (1.8.4) and 
Theorem 1.4.4 to construct quantizations of Hilb" X. This would provide a common generalization 
to the CcLse of wr e at h.- pro ducts Tri — Sn K F" of the results of Gordon- Stafford [GS] in the special 
case r = 1 and n > 1, and also of the results of Boyarchenko [Bo] in the special case of arbitrary 
F C 5*^2 (C) and n = 1, cf. also [Mu] for the case of cyclic group F (and n = 1). 

In a different direction, the construction of the algebra e\-\t^i~^c(J^n)^ in terms of Hamiltonian 
reduction provided by Theorem 1.4.4 gives way to applying the machinery of [BFG] to symplectic 
reflection algebras over k, an algebraic closure of the finite field ¥p. 

In more detail, fix a finite group F C SL2{'C) and a positive integer n. Then, a routine 
argument shows that, for all large enough primes p > n, each of the schemes X, Hilb" X, and 
IJ,~^{0), cf. (1.3.4), has a well deflned reduction to a reduced scheme over k. Further, let be 
the irreducible component of /Li~^(0), cf. (1.3.4), as defined in [GG2, Theorem 3.3.3(ii)]. Then, 
the action of the group GL{a)/Gm on generically free. Moreover, according to H. Nakajima, 
there exists a GL(Q;)-stable Zariski open dense subset M C .^o, of stable points, such that one has 
a smooth universal geometric quotient morphism M Hilb" X. Furthermore, in this case all the 
Basic assumptions of [BFG, 4.1.1] hold. 

Next, let Q[F] be the group algebra of F with rational coefficients. Write Z(F, Q) for the center 
of Q[F], and Zo(F,Q) for the corresponding codimension 1 subspace, cf. (1.2.1). Fix k £ Q and 
c e Zo{T, Q) and let eHf^k,c{^m Q)^ be the Q-rational version of the C-algebra eHt^i.,c(^n)^- Then, 
there exists a large enough constant N{k, c) > max(n, |F|) such that for all primes p > N{k, c) the 
Q-algebra eHt_/j^c(r„, Q)e has a well defined reduction to a k-algebra eHt^i;^c(rn, k)e. 

On the other hand, one can apply a characteristic p version of quantum Hamiltonian reduction, 
as explained in [BFG, §3], in our present situation. This way, for all large enough primes p. Theorem 
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4.1.4 from [BFG] provides a construction of a sheaf of Azumaya algebras ^fe_c on (Hilb" X)^^\ the 
Frobenius twist of the scheme Hilb" X. 

Mimicing the proof of [BFG, Theorem 7.2.4(i)-(ii)], and using our Theorem 1.4.4, one obtains 
the following result 

Theorem 1.9.1. Fix fc € Q and c S Zo{r,Q). Then, there exists a constant d{k,c) > max(n, |r|), 
such that for all primes p > d{k, c) and t = l/|r| e k, we have a natural algebra isomorphism 

iI°((Hilb"X)(i), ^k,c) = eHt,fe,c(r„,k)e, moreover, if' ((Hilb" X)^^), ^k,c) =0, Vi > 0. 

1.10 Acknowledgments. We are grateful to Iain Gordon for a careful reading of a preliminary draft of 

the paper. The work of P.E., W.L.G., and V.G. was partially supported by the NSF grants DMS-0504847, 
DMS-0401509, and DMS-0303465, respectively The work of P.E., V.G., and A.O. was partially supported 
by the CRDF grant RM1-2545-MO-03. 

2 Calogero-Moser quiver 

2.1 Intertwiners. Let Q be the double quiver of Q, obtained from Q by adding a reverse edge 
a* ■ j ^ i for each edge a : i ^ j in Q. For any edge a : i — > j in Q, we write its tail t{a) := i and 
its head h{a) := j. 

We have an identification L ^ L* -.u^ uj{u, •). Let a e Q be an edge, then for each intertwiner 
'■ Li®^t{a) ~^ ^h{a) ' have a corresponding intertwiner (f)'^ : N*^^-^ — > L^N^^^s^ . 
Suppose Q is not of type Ai. Following [CBH] (cf. also [Mc]), we normalize the intertwiners 
such that for each edge a € Q,we have ipa'tt^a — ^h(a)^<iN*i^ ^, and so 4'a4'a* — ~^t(_a)^^N*^^ ^- Thus, 
(f>'a(t>a' is <5/i(a) times the projection of L^N^^^ to and (f)'a-(t>a is —St{a) times the projection 

of L^N*^^-^ to N^f^^y Hence, for any vertex i, 

E '^a'^-*- E <t>'a^<t>a=5a<^mm- (2.1.1) 
a^Q\h{a)=i aEQ',t{a)=i 

Suppose now that Q is of type Ai . Then F is the group with 2 elements 1, C. Moreover, (^x = —x 
and Cy = — y. Write the vertices of Q as o and i, where No is the trivial representation of F and 
Ni is the sign representation of F. We have a decomposition L = Nf ® Nf where Nf is spanned 
by X and is spanned by y. Let prf : L®No — * Ni be the projection map to Nf^No = Ni, and 
pr^ : L(^No Ni be the projection map to Nf(^No = Ni. Let pr^ : L®Ni No be the projection 
map to N^^Ni = Ng, and pr-^ : L®Ni No be the projection map to Nf(g)Ni = Ng. Denote the 
edges of Q by Oi and (12- If «! : o ^ i, then let (pai ~ prf and 4>ai = Wo- ai : i ^ o, then let 
<t>ai = prS and = -prf . li a2 : o ^ i, then let (pa2 = prf and = -pr^. If aa : z ^ o, then 
let 4>a2 = P^o and 4>a* = pr^. It is easy to see that with these choices, we again have (2.1.1). 

2.2 Quiver map. For convenience, we shall fix an isomorphism Ni = where 6i = dimA^j. 
We have CF = ^^^jEndN, = 0-^^ Mat^^ (C). Let ej, ^ {I < p,q < S,) be the element of CF 
with 1 in the (p, (7)-entry of the matrix for the z-th summand and zero elsewhere. Let be the 
idempotcnt e\ i- In particular, Cq = X^^er^/li^l' where o is the extending vertex of the afhne 
Dynkin quiver Q. Note that Ni = C[F]ej and (j)a & eh(a){^®'^[^]^t{a))- Here, the left action of F 
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on L(g)C[r] is the diagonal one. When Q is not of type Ai, spans e^a){L®^\r]et(a)) ■ When Q 
is of type Ai with vertices o and i, eo(i(8)C[r]ej) and ei(iy(g)C[r]eo) are both 2 dimensional and 
spanned by the intertwiners 4>a which they contain. 
We put e„ := ^ Z^^es^ ^ ^ C[S'„]. For any i G I, let 

ej,„_i := e„_i(ei(g)eo(g) • • -(gjeo) e C[r„], and e := e„(eo(g) • • • (g)eo) e C[r„]. (2.2.1) 

The idempotent e is same as the one that appears in Theorem 1.4.4 of the Introduction. 

For each vertex i of the Calogero-Moser quiver Qcm, cf. Definition 1.3.1, the idempotent Cj is 
the trivial path at the vertex i. Let Aj be the trace of t • 1 + c on iV,, let A = J2iei ^i^i^ ^^'^ l^t 

V := k\T\/2. 

Let n = IlA-iyeo+niyea (Qcm), the deformed preprojective algebra of Qcm with parameter A — i^Co + 
nves as defined in [CBH]. So H is the quotient of the path algebra CQcm of Qcm by the following 
relations: 

[a, a*] +bb* = X — vco, b*b = —nvcs. 

aeQ 

We shall define ^functor from H-modules to Il-modules. Let iW^be a H-module. We want to 
define a H-module M. For each i & I, let Mj := e,,„_iM. Also, let Ms := eM. If a is an edge in Q, 
then define a : Mf(^a) — * ^h{a) to be the map given by the element <j)a®e.o® ■ ■ ■ '^^o € H. Define 
b : Mg — > Mq to be the inclusion map, and define b* : Mg — > Mg to be —u - (1 + Si2 H h sin)- 

Lemma 2.2.2. With the above action, M is a H-module. 

Proof. It is clear that (1 + si2 + • • • + sin)e„_i = ne„. On M, we have 6*6 = —nv, and 66* = 

-nvCn = -i/ • (1 + Si2 + 1- Sin). 

By [GG, (3.5.2)], we have an isomorphism /®nH/®" = kn.xAQ) where / = Eje/Si, cf. 
Definition 6.1.3 below. Now /®"M is a A„,A,z.((5)-module, and eln-iM = ei,„_i/®"M, eM = 
ef^^M. The action of the edge a : Mf(^a) — ^ Mh{a) is the action given by the element a(g)eo e 

Now on M, at a vertex i ^ o,s, we have 

aa* — a*a = Aj 

a^Q;h{a)=i aEQ',t{a)=i 

by the relation (i) in Definition 6.1.3. At the vertex o, we have 

aa* - ^ a*a = Ao + • (si2 H h sin) = Ao - - 66*, 

a^Q;h{a)—o a^Q:t(a)—o 

using again the relation (i) in Definition 6.1.3. □ 

It is clear that the assignment G : M i— > M is functorial. We will give a more general construc- 
tion in §6.2. 

Applying the functor M i-^^ M to the H-module M introduced in (1.7.1) we construct, as has 
been explained in §1.7, the algebra homomorphism ^Q'^'"^'*'' : n — > B. 
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Observe that 6'*^"'™'^ (6* ) is when v = 0. For this reason, we shall need a slight modification 
of the above constructions. 

Define 11' to be the quotient of the path algebra CQcm by the following relations: 

[a, a*] + vbh* = A — veg, b*b = —nCs- 

aeQ 

We have a morphism of algebras 11 — > 11' defined on the edges by 

ai-^ a for a ^ b*, b* i-^ ub* . 

This is an isomorphism only when v ^ 0. ^ 

Given a Hj module _M, we define a Il'-module structure on M as above, except that now, 
we let b* : Mo — > be —(1 + Si2 + • • • + sin). Hence, as above, we obtain a morphism 

QQuiver . jj/ , (1.7.4). 

2.3 Holland's map. In this subsection, we recall a construction of Holland from [Ho]. 

Let ei G denote the coordinate vector corresponding to the vertex i E I. Let 5 = X^jgj (^iCj, 
the minimal positive imaginary root of Q. Let a := nd + £«, a dimension vector for Qqm- Thus, 
ai = nSi for i G I, and Ug = 1. We shall assume that A • ^ = 1, that is, t = l/|r|. 

Let and t^^ (a € Qcm, 1 ^ P < 0!h{a)j 1^9^ ctt{a)) be, respectively, the coordinate 
vectors and the coordinate functions on ReP(j(QcM)- We write e^ ^ for the transpose of Cp g. Now 
define a representation of Qcm on 0(Rep„((5cM))<S)-^, the space of A''-valued regular functions 
on RepQ,(QcM), as follows. For any a G Qcm, we define the following EndN-valued differential 
operators of order and 1, respectively 

The assignment ai-^d,a*i-^a* extends by multiplicativity to an algebra homomorphism 

^""""•^ : CQ^ {^{QcM,a)®EndNf'^^"\ (2.3.1) 

where CQcm denotes the path algebra of the double quiver Qcm- By [Ho, Theorem 3.14] and [Ho, 
Lemma 3.16], ^i^°ii*"<i descends to homomorphisms, cf. notation in (1.4.2): 

glHoUand . n ^ and 6|Holland . ^^^le, > 21^'. 

We remind that Qiy is the algebra in (1.6.2). 

Later, we will define a homomorphism QHoiiand . g^n'cg — > 21;^/. 

3 Radial part map 

Prom now on, we assume that Q is not of type A„ where n is even. Equivalently, that means that 
F has the (necessarily unique) central element of order 2, to be denoted C € F. 
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3.1 Twisted difFerential operators. Let T = (C^)™ be a torus with Lie algebra t := LieT, 
and p : X ^ X a principal T-bundle. For any h G LieT, the infinitesimal /i-action yields a vector 
field on X. Let be the sheaf of algebraic differential operators of X. The action of T on X 

makes a T-cquivariant sheaf of algebras, and wc write r(X, 2>xY f^'' the algebra of T-invariant 
global differential operators on X. The assignment ht—^^f^ gives a Lie algebra homomorphism 
t T{X, &xY. 

Let p : t ^ EndF be a finite dimensional representation. We form &x,f '■= ^x®EndK a 
sheaf of associative algebras on X. Let ^ — p : ^x,f = 3)x® EndF, h'^^^®\&F — p{h) be the 
diagonal Lie algebra homomorphism. We write Im(^ — p) for the image of this homomorphism, 
and {p^S^x.fY^^ for the subshcaf of those sections of the push-forward sheaf p*^x.F, on X, which 
commute with Im(^ — p). Thus, Im(^ — p) is a central subspace of a sheaf of asso- 

ciative algebras on X. We write {p*^x,fY^^ ■ Ini(^ — p) for the (automatically two-sided) ideal in 
{p*^x,f)^'^^ generated by the image of ^-p. Thus, the quotient (p*^x,F)^'**/(p*^x,F)^'**-Im(^-p) 
is a well-defined sheaf of associative algebras on X. Let 

f^(X,p,p) :-r(X,(p,^x,F)^"7(P*^x,Fr'-Im(^-p)). (3.1.1) 

be the algebra of its global sections, to be referred to as the algebra of twisted differential operators 
on X associated with the principal T-bundle p : X ^ 3C and representation p. 

For any open set U (in the ordinary, Hausdorff topology), we write J^ol{U,F) for the vector 
space of all holomorphic maps U ^ F. Given such an open subset U C X, put 

J(folp{U) := {/ e Jfol{U, F) I = p{h)f, V/i e t}. (3.1.2) 

There is a natural action of the algebra !^{X,p, p) on the vector space Jifolp{U) given, in local 
coordinates, by differential operators with EndF- valued coefficients. 

Given a decomposition F = Fi ® • • • ® F^. into a direct sum of t-subrepresentations, we have 
EndF = 0i<„ ;<„ Hom(FTO, F;). This gives the induced direct sum decomposion 

^{X,p,p)= ^{X,p,p,Frn^Fi). 

l<m,l<n 

Thus, for each {m,l), the direct summand S^{X,p, p, F^ F;) has a natural structure of left 
^(X,p, p|F,)-module and of right ^(X,p, p|_F^)-module. 



3.2 The radial part construction. Let G be a linear algebraic group and Y a smooth G- 
variety. Assume in addition that we have a smooth subvariety X C Y which is stable under the 
action of a torus T C G, and we also have a smooth morphism p : X ^ X, which is a principal 
T-bundle with respect to the induced T-action on X. Thus, we have the following diagram 

X X ^ -'^^ ^ GxrX ^^f^ Y. (3.2.1) 

Let := LieG and let p : g EndF be a finite dimensional representation. For any open 
subset Uy C Y, we may consider the vector space Jfo/p(?7y) defined similarly to (3.1.2) but with 
respect to the g-rcpresentation p. Write pt = p|t for the restriction of p to the Lie algebra t = LieT. 
Restriction of functions gives the map 

Res : JifolpiUy) — > M'olp^{X n Uy), Res / := //• 
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Let &{Y,F) = V{Y,&y,f) = r(y, ^y)(g)EndF be the algebra of End i^- valued differential 
operators on Y . As above, we have the Lie algebra map ^ — p : fl ^ S!{Y, F) and the subalgebra 
3i{Y, FY^^, of the operators commuting with the image of that map. 

Let C G be a finite subgroup that preserves X and normalizes the torus T. The action of K 
on X, resp. on ^y, induces a natural if-action on X, resp. on the algebra S>{X,p, pt), of twisted 
differential operators on 3C. We write S>{X,p, pi)^ for the subalgebra of if-invariants. 

One has the following standard result. 

Proposition 3.2.2 (Radial part map). Assume that G is connected and the differential of the 
map act, in (3.2.1), is an isomorphism at every point ]{x),x G X. Then, 

(i) There is a natural radial part homomorphism ^i^'^diai . (^{y pY^a — > &{3i,p, Pi)^ such 
that, for any open (in the Hausdorff topology) subset Uy C Y , we have 

0^^<ii^\D)-{Re5f) = Res(£'/), VD e ^{Y,FY^^, f e J^olpiUy). 

(ii) The two-sided ideal [^(Y,F)lm{^ — p))^^^ is contained in the kernel of the radial part 
map e^'^^'^K 

(iii) Assume, in addition, that X is affine and the restriction of p to i is diagonalizable. Then, 
there are canonical algebra isomorphisms, cf. (1.1.1), 

^S{X,F),t,i - p) ^ S{X,FY^' /{^{X,F)lm{i - p)Y^' ^ 9{X,p,p,). □ 

3.3 A slice in RepQ,((3cM)- We choose the following orientation on Q: the vertex o is a sink, 
and any other vertex is a source or a sink. Thus, the second order element C, acts by 1 at sinks 
and by —1 at sources. Note also that, see (1.4.2) 

a, = -nTr|jv,(C), 

The collection of intertwiners (p = {4>a)aeQ introduced in §2.1 gives rise to a linear map 

(j): L-^ Repg{Q), where 4>a ■ L ^ Hom(7V*(^), iV^(^)), u >-> (t>a{u). 

We also define a linear map j : L" — > Rep„(QcM) by 

j(iti, . . . ,u„)fe = (1, 1, . . . , 1), and j{ui,...,Un)a^{(t)a{ui),...,(l)a{Un)), Va € Q. 

Lemma 3.3.1. Let u,w G L. Suppose there are (3i G End(A^*) for i G I such that 4>a{u)fit{a) = 
Ph(a)4>a{w) for all cdgcs a G Q. If the (3i are not all zero, then u is proportional to -yw for some 
7 G F. 

The lemma will be proved later, at the end of §8.2. From this lemma, we deduce 

Corollary 3.3.2. There exists a T„-stable Zariski-open dense subset L"gg C L" such that j(i"eg) 
is contained in the set of generic representations ofQ and, moreover, 3{L^g) meets generic GL(a)- 
orbits in Rep„(QcM) transversely. 

Proof. First, we claim that the afiine space j(i") meets generic GL(Q;)-orbits in Rep„(QcM)- 

Recall that generic representations of Q with dimension vector n5 are direct sums of n repre- 
sentations with dimension vector 5. it suffices to show that the subspace consisting of the repre- 
sentations {(j)a{u)}a£Q for all u G L intersects generic GL((5)-orbits in Rep5((5). By the preceding 
lemma, the (rational) map Rep^(Q) defined in [Ri, Theorem 6.2] (which parametrizes generic 

orbits) is nonconstant on L. 

The Corollary now follows from the standard Bertini-Sard theorem, cf. eg. [Ve] . □ 
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3.4 Discriminant function. Put := _L\{0}. The multiplicative group is imbedded 
in GL(L) as scalar matrices, and we have the standard C^-bundle := L^/C^ = 
(projective line). The group 5 := fl F consists of two elements, S = {1, Q, where C S F is our 

second order clement. 

Given i e P^, write C F for the isotropy group of the line i <Z L. Clearly, one has S C F^. 
Therefore, |F^|/2 = |F^/5| is a positive integer, and we put Ke := |F^/5| — 1. Thus, we have Ke > 
if and only if the group F^ C F, is strictly larger than S. The lines £ with this property form a 
finite set P^"^ c Pl. For each £ S P^"^, we choose and fix a vector representative ve & ^\{0} C L. 

We introduce the following function 

which is uniquely defined up to a nonzero constant factor depending on the choice of representatives 
Vi,£ € P™^. Further, we introduce a discriminant function on L"^^, defined by 

" 1 1 
^n{uu...,u^):=Yl^^nn7^^ forn„...,n„eX. (3.4.1) 

Let _L"j,g be a Zariski open set as in Corollary 3.3.2. Shrinking this set if necessary, from now on 
we assume in addition that L"^^ is an affine T-stable subset contained in (L^)" and, moreover, that 
the denominator of the function A„ does not vanish on i"eg- Thus, the set Z/"gg is r„ k T-stable, 
and we have A„ g C[L"Qg]. 

The natural action of the torus T on L"gg induces an action of the Lie algebra t = LieT 
on the coordinate ring C[Z/"gg]. Given h = {hi, . . . , /i„) € t = C", we write the action map as 
h : C[i?,g] ^ C[i?,g], f^^J, and also put Tr{h) = hi + ... + K. 

Lemma 3.4.2. The discriminant A„ e C[Z/"gJ is a weight vector for the i-action, specifically, we 
have 

CftA„ = (n|F|-2)Tr(/i)-A„, V/i e t. 

Proof. Note that X^^eP"'"* ~ 1^1 ~ ^' Hence, A is a homogeneous polynomial of degree |F| — 2. 
We see that any vector Um appears on the RHS of (3.4.1) with degree — (|F| — 2), in the factor 
nA(ufc)~^, and with degree — (n— 1)|F|, in the factor l/f|f|a;(uj„,7U;). □ 

3.5 Compatibility with group actions. Let T := (C^ )" be the torus, and form the wreath 
product r„ K T = K (F X C^)". We are going to define a group imbedding 

j^,^ : r„ K T ^ GL(a). (3.5.1) 

To this end, we recall the direct sum decomposition (1.5.1), so dim Nj = aj and one may identify 

the group GL(ai) with GL(Ni), for any i <E Iqm- Now, by the structure of group algebras, we have 
the canonical algebra isomorphism C[F] ^ ©jg/ End(Afj*). Thus, we have a group imbedding 
F ^ GL((5) and, therefore, an imbedding F" ^ GL{5) x • • • x GL(5) ^ Yli^i GL(ai). Further, 
we define a homomorphism Sn GL(Ni) by cri~^IdAr.(X)(Tj.„ , where a^^ G GL(C") stands for 
the permutation matrix corresponding to a ^ Sn- This way, combining together the above defined 
imbeddings of F" and Sn, we obtain a group imbedding j^ie • — * GL(a), such that its component 
r„ — > GL(as), at the special vertex s, sends every element of r„ to 1. 
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It remains to define the torus imbedding j-^-^ : T GL(q:), t i-^ g(t) = {gi{t) G GL{ai)}i^i^^. 
The latter is given as follows. We put gs{t) = 1, Vt e T, and, for any i e /, let 

gi{t) := t~^^ldpf* if i is a source in Q , and gi{t) = IdN^ if « is a sink in Q, 

where, for t = {ti, . . . ,tn) we let e GL(C") denote the diagonal matrix with diagonal entries 
, . . . ,t~^ . We note that the image of T under the above imbedding is not contained in the center 

of the group GL(q:). 

The torus T := (C^ )" acts naturally on L"; the element t = (ti, . . . , t„) G T sends (ui, . . . , m„) G 
to {t\U\, . . . , tnUn)- This action of T commutes with that of the group F". Thus, we get an ac- 
tion of the group r„ k T on L". It is easy to show that the group imbedding j^^^ : r„ ix T GL(a) 
agrees with the slice imbedding j : L" ^ Rep„((5cM)- Specifically, one has 

3{9{u))=J,j9){j{u)), VweL",<7er„KT. (3.5.2) 

3.6 The homomorphisms 6'^'*'*''*> and 0^'^'^''^'. The clement x & C^™, in (1.4.2), gives a Lie 
algebra homomorphism x '■ flK*^) ~^ ^- We also have the tautological representation r : Ql{a) 
End N, see (1.5.1), and we let x - t : fl[(a) End N, h^x{h) ■ IdN - r(/i), V/i e Qi{a). 

The group imbedding (3.5.1) induces the corresponding Lie algebra imbedding : t = Lie T ^ 
Qi{a). We let /9 := (x — ''') ° Jlib be the pull-back of the representation x — t to the Lie algebra t 
via the imbedding t ^ Q^{ct)- 

We are now in a position to apply the general radial part construction of §3.2 in our special 
case. Specifically, the n-th cartesian power of the -bundle Pl gives a principal T-bundle 

(ix)n ^ (p^)n_ x := L^,g c (L^)", and let X C (Pl)" be the image of X. Write p : X ^ X 

for the restriction of the bundle projection to X. Thus, 3£ is a r„-stable Zariski open dense subset 
of (Pl)", and p : X ^ X \s a principal T-bundle. 

We apply Proposition 3.2.2 to 

G = GL(a), T = (CX)", = r„, F = Rep„(QcM), p : X = L^^^^ X = L'^JT. 
Thus, we obtain an algebra homomorphism, cf. (1.5.2): 

o 1 (i^(gcM,a)<»EndN)°^^"^ „ 

{S!{Qcu , «)<» End N) Im(£ - (x - r)) j 

Further, we introduce another representation git—* EndN, hi-^g{h) by the formula Q{h) := 
/9(/i) + i(n|F|-2)Tr(/0ldN. 

It is easy to sec that each of the direct summands in the decomposition N — (Bii^Q^uNi, cf. 
(1.5.1), is stable under the t-action via either representation p or g. Thus we can write p = ®ieicuPii 
and g = (BieiojiPi- To describe these representations more explicitly, let cq be the coefficient in 
(1.2.1) corresponding to our second order element C € F, and put 

^:=-(i^ + l), and V := Yl <5rXi S C. (3.6.2) 

{iG-f I i is a source in Q} 

One finds that the representations pi and gi are given by the following explicit formulas 
Pi{h) — ip-Ti{h)-ldf^-, ft(/i) = (^ -I- i)-Tr(/i)-IdM; if i = s or i is a sink in Q, 

Pi{h) = ^/^•Tr(/i)-IdNi — /i(8)Idjv*, gi{h) = {p + ^)-Tr{h)-ldN. — /Kg)Idjv* if i is a source in Q, 
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where, for any h = (hi, . . . , hn) G t = C", we write Tr(/i) := hi + . . . + hn, and where the tensor 
factor h, in /i(8)Idjv*, stands for the map C" C" given by the diagonal matrix with diagonal 
entries hi,. . . ,hn- 

Next, according to Lemma 3.7.6 below, we have 

2(^ - ^) = -2(^ + 1) + 1 - 2V = (|r| - 2) + (n - l)|r| = n|r| - 2. (3.6.3) 

Hence, Lemma 3.4.2 shows that Q — p = \{n\T\ — 2) • Tr(— ) is nothing but the weight of V^n, 
the square root of the discriminant function. Thus, given D S &{X,p,p), we may conjugate D 
by the operator of multiplication by the function y/An to obtain a twisted differential operator 
-^^7= o D o ^/An G ^{X,p, g), such that for any open set U C I/"gg the induced action on functions 
is given by the map 

Radial / 



r(C/, g) ^ r([/, g), /^(l/VA„).0^^^-Hi^)(VA„-/). 

We note that although the square root of the discriminant function A„ is ill defined as a 
function, conjugation by the operator of multiplication by such a function is an unambiguously 
defined operation on twisted differential operators. Furthermore, the result of conjugation by \/A„ 
is clearly independent of the choice of nonzero constant factor involved in the definition of A„, cf. 
§3.4. Thus, we have a canonically defined algebra homomorphism 

QRadial . 5-^ _^ ^{X,p,Qf-, U^Q^'''^''''\u) := ^= o 9^'^''^\u) o ^/A^ . 



3.7 Formulas for the map g/R-adiai ^ ^Holland _ introduce some notation. Given a map 
f : L ^ U and any 1 < Z < n, we write /; for the map i" — > U, (ui, . . . Thus, given 

7 / 

7 G r, we have the composite L — > L — > U, and the corresponding map {f °^)i '■ U. 
Let LO denote the symplectic form on L. For any vector v G L, we have the linear function 
: w-^ui{v,u). Thus, for any v G L and 7 G F, we may consider the following functions 

(71;)^ := (w^ o-y-i); : L" ^ C, {ui, . . . ,Un)'-^oji'^v,ui) = oj{v,j~^ui) and 

a;(7; TO, Z) : L" ^ C, . . . , m„)i-^w(u™, 7Mi), VI < to 7^ / < n. (3.7.1) 

The definition of the open subset L^^g C insures, see §3.4, that none of the functions a;(7; to, I) 
vanishes on I/"eg- Hence, we have l/ui{'y,m,l) G C[Z/"gg]. 

In §2.1, for each edge a G Q, we have introduced intertwiners (pa '■ L(E)N*^^^ ^h(a) ^^'^ 
(j>'a : ~^ ^'^-^fi(a)- Below, we shall view (pa as a Hom( A^*^-^^ , A^^^^^-valucd linear hmction on 

L, written as ui-^(pa{u). The n-th cartesian power of this function gives a r„-equivariant linear 
map 

0^:L"^Hom(Nt(„),N;,(„)) = Hom(7V;(^),iV*(^))OEndC", (wi,...,m„)^ ^ 0a(w/)€3Sii, 

l<l<n 

where En stands for the n x n-matrix unit with the only nonzero entry at the place (l, I). 

Similarly, we shall view cp'^ as a lIom{N*^^y N^^^s^)-va.hied constant vector field on L whose 

value at each point u € L is equal to 0^. Thus, given to G [l,n], we shall write (q^^,)^ for 



18 



the Hoin(A''^j^^, N*!^^-^) -valued first order differential operator on L" corresponding to the constant 
vector field 0^* e Hom(A^^|.^j, iV*^^^)(g)_L along the m-th direct factor L in i". 

Next, recaU the map 6'H°iiand^ introduced in §2.3. The composite 6»Radiai „ ^Holland associates to 
every edge a G Q a twisted differential operator from the algebra ^(X,p, p). By definition, such 
an operator is a coset modulo the ideal ^(L"gg) N)^*** • Im(^ — p), see Proposition 3.2.2(iii), of an 
element 

^Radial „^Holland(^-) € Hom(N,(„) , N^(„)) C ^(L^eg, N) 

We will write such an element D as an n x n-matrix with entries in liom{N*^^yN^^^), and write 
Dmi for (m, Z)-th entry of that matrix. 

Proposition 3.7.2. Let a e Q. Then 

(i) ^Radial ^ ^Holland ^ zero-order differential operator on L^^g given by multiplication by 
the function . 

(ii) Fori =/= m, the {w,, I) -entry 5/Radiai ^ ^Holland ^ ^ zero-order differential operator on 
^reg divcn by multiplication by the function 

_fc/2V (3.7.3) 

and the {m,m)-entry ^iR-adiai ^g|Hoiiandj-^*-j a first order differential operator 

(iii) i^or ^/le ed^e b : s ^ o we have 

QRadial ^ QHollandn^\ \ ^ ^6 

5,jjadia;^5,j/oHaW(^*) V- ^jX,) V „ = 1/ V cL- (3-7.5) 

Z — ^j^I ^ — — 

The proof of Proposition 3.7.2 will be given later, in §8. We will use 
Lemma 3.7.6. We have + n = (1 — 2V')/|r|, and k = 2(1 — (5jXj)/|r|- Furthermore, 

Proof. Since = Tr Iat. (t • 1 + c), we obtain by orthogonality relations that = 
l/|r| \j Tr Iat* (7). Hence, for d as in (1.4.2), we compute 

^.Xi(^,-TV|jv;(7)) 
=A • 5 - I. - a • 5 - 5^ . A,- Tr |;v;(7) + - "E,- ^1^.(0 Tr k;(7) 
=l-|rK-n^.Tr|A,^.(C)Tr|^;(7). 
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If 7 7^ C> then this is equal to 1 — |r|c^. If 7 = then it is equal to 1 — |r|cf — n|r|. Moreover, 

Xi {Sj - Tr 1^; (0) = 2 ^0^0 = 2^- 

3 {i^Q I 3 is a source } 

We also have Y.- XjSj = l-v = l- k\T\/2. □ 

4 Dunkl representation 

4.1 Dunkl operators. Recall the principal T-bundle p : X = i"gg — > X = L^^JT, and other 
notation introduced in §3.6. We are going to define a certain representation r] of the Lie algebra 
t = Lie T which is normahzed by the natural r„-action on t. Thus, there is an action of r„ on 
^{3C,p,r]), the corresponding algebra of twisted differential operators. 

Our goal is to define certain elements in ^(X, p, 77) >^ r„ which may be thought of as F-analogues 
of Dunkl operators. The construction of these operators will be given in five steps. 

Step 1. Write Lj-eg for the preimage of P£,\P^"^ under the projection F^. Thus 

Lj-cg C i is an open dense subset formed by the points v G L such that, for any 7 e r\{l, (}, we 
have 7(11) ^ Cv. 

For any 7 e F, we have a quadratic function u)'^ : L ^ C,u>-^u){u,'yu). This function does 
not vanish on -Lrog, thus, we have G C[Lreg]- Given v G L, we also have the linear function 

v'^ : uv-^Lij{v,u), on L. 

Recall the coefficients c-y e C given by (1.2.1). To each v G L we assign the following element 
:= 2|F|-i|- + Y c, ^^^+/^\ e ^(L.eg) T. (4.1.1) 

Step 2. Let F = be a 2-dimensional vector space with fixed basis (/+, /~), and identify 
Endi^ with the algebra of 2 x 2-matrices. We set f^(Lrcg,-F) = ^(Lreg)<8) Endi^, and form the 
smash product ^(Lreg, f") x F = (^(Lrog) End F) yiT, where F acts trivially on F and on End F. 

For each v G L, we introduce the following element written as a matrix with entries in 
^(L,eg) X T: 

^'^■■={d^ T)=^"(; !!)-^^-(o ;)^^(^^eg,i^).r. (4.1.2) 

Step 3. For any affine variety 3^ and n > 1, one has the standard algebra isomorphism 
^(3;") S ^(3;)®". Since End(F®") ^ (EndF)®", we deduce an algebra isomorphism ^(3^", F®") 
= !^{y,F)'^"-. The symmetric group Sn acts naturally on 3^" and on (EndF)®", hence, also on 
the tensor product ^'(3^", F«>") ^ ^{y, F)®". 

We take y = Lreg and put X := i"eg> cf. §3.4. Thus, X is a r„-stable affine open dense subset 
of (Lreg)") and we have a chain of natural algebra imbeddings 

(5^(ircg,F) X F)®" = ^((Lrcg)",F®") X F" ^(X,F®") x F" ^(X,F®") x r„, 
where the middle imbedding is given by restriction from (L^g)" to X. 
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For any v € L and Z = 1, . . . , n, let Dp" G ^(L"gg, F®") xi r„ denote the image of the element 
l®(i-i)^£)«^l»(n-0^ cf. (4.1.2), under this imbedding. 

Step 4. For any I = 1, . . . , n, and 7 € F, let 7; G F" denote a copy of the element 7 placed in 
the Z-th factor of F". In particular, given any 1 < m ^ I < n, and 7 e F, we have the corresponding 
transposition Smi = \jn ^ G Sn and the element s-mi^m^^'^ € r„. Given 7 G F, w G L and any 
1 < m ^ I < n, we also have regular functions v'/ and 1/^(7; m, I) on L"^^, see (3.7.1). 

With this notation, for any v G L and 1 < m ^ I < n, we will now define an element 

Rli G (C[X](g)EndF®") XI r„ = Hom (J^®", (C[X](g)F®") x r„). (4.1.3) 

To this end, write 

{/=/!«>.. I fi = f^,i = l,...,n}. (4.1.4) 

for the standard basis of the vector space F®". Given such a basis element / = /i® . . . ®/n and 

1 < m < n, let := /i® . . . ^ fm-i^ ^ fm+i® ■ ■ ■ ®.fn- Now, view each in (4.1.3) as a 
Hnear map F®" ^ (C[X]®F®") xi r„, which we define as follows 

(4.1.5) 

We identify the algebra C[X](g) End F®" with the subalgebra of !2{X, F®") formed by zero order 
differential operators. Therefore, we may view the elements -RJ^j, in (4.1.5), as being elements of 
^(X, F®") x: r„, which have zero order as differential operators. Given fc G C and v G L, we 
define first order differential operators 

DunklJ' := £)P'J + k J^i^^n ^ ^^""^ ^ ^ ^ ^ (4-1-6) 

Step 5. Let G C be the constant defined in (3.6.2). We introduce a representation of the 

1- dimensional Lie algebra C on the vector space F. Specifically, we let the generator 1 G C act, in 
the basis {/"*", /"}, via the diagonal matrix diag(/i + 5, /i ^ 5)- The n-th cartesian power of this 

2- dimensional representation gives a Lie algebra representation : t = C" ^ EndF®". 

We consider the Lie algebra homomorphism ^ — : t — > ^(X, F®"), /ii— >^^(g)Idir®n — Id@(8)r7(/i). 
The group r„ acts naturally both on the Lie algebra t and on ^(X, F®"), and it is clear that 
the map ^ — 77 is r„-equivariant. It follows in particular that S^{X, F®")^"**, the centralizer of the 
image of the map ^ — in ^{X, F®"), is a r„-stable subalgebra. 

Now, we apply the general construction of algebras of twisted differential operators given in §3.1 
to the torus T = (C^)" acting on X = F"gg and to the representation rj defined above. This way, 
with the notation of §3.6, we get an algebra ^{3C,p,r]). By construction, the algebra 2>{X,p,ri) is 
a quotient of ^(X, F®")^"*', and this quotient inherits a natural r„-action. Thus, we may form 
the corresponding algebra ^(X,p, 77) xi r„. 

It is straightforward to verify, counting homogeneity degrees of the coefficients, that for any 
V G L the operator in (4.1.6) is adt-invariant. That is, for each I = 1, . . . ,n, we have Dunkl^ G 



i?w(/)-0, if /„, = /-. 
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^{X, F«'")adt ^ Therefore, the clement DunklJ' has a weh defined image in ^(X,p, r/) x r„, to 
be denoted by the same symbol Dunkl^ and to be called the l-th Dunkl operator associated with 
V € L. 

4.2 Equalizer construction. Recall from §3.4, the group S = {1,C} — ^/2- Thus, S = 
n r c GL{L) may be (and will be) viewed either as a subgroup of or as a subgroup of F. 

We put S S". This group comes equipped with a natural group imbedding e^. : S ^ F" C r„, 
such that the image of S is a normal subgroup in r„, and also with a natural imbedding S T. 

In general, let A be an associative algebra equipped with a r„-action r„ 9 5 : a>-^a^, by algebra 
automorphisms, and also with a homomorphism a : S — > ^, that is, with a map such that a(l) = 1, 
and such that a(ss') = a(s)-a(s'), Vs, s' S S. Assume in addition that the following identities hold 
(the one on the left says that a is a Tn-equivariant map): 

3,{sY =a{gsg-^), and a(s)-a-a(s-i) = a^r W, Vs e S, 5 e r„, a e A (4.2.1) 
We form the smash product ^ x r„ and introduce the following two homomorphisms 

Ti,T2 : S ^ A X F„, where Ti : sH^a(s) xi 1, T2 : sh^I x e^{s). 

It is straightforward to verify that equations (4.2.1) imply that the left ideal in the algebra 
AyiTn generated by the set {Ti(s) — T2(s), s e S} is in effect a two-sided ideal. We let AXgFn 
be the quotient of A x r„ by that two-sided ideal, to be called equalizer smash product algebra. 

4.3 The homomorphism ^Dunki 

I = {(ei, . . . , e„) I e„ = or 1 for all m} C Z". 

Let e = (ei,...,e„) G I, and write for the one dimensional subspace of F®" spanned by 
f\® ■ ■ ■ ®fm where fm = if Cm = 0, and = /~ if = 1 (j^ = 1, • • • , "-)• The representation 
r/ of t on the vector space F®" induces an adjoint actionof tonEnd(i^®"). We have a decomposition 

End(F®") = 0^_^,^^Fe'®(i^e)*, 

where each component in the direct sum is stable under the action of t. Moreover, t acts on 
Ff^i®{F^)* by the character e' — e. Therefore, the t-action on F^i®{F^)* exponentiates to a T- 
action. Taking the direct sum over various pairs (e,e'), we obtain a well defined adjoint T-action 
on EndF®" = F®"(g)(F«'")*. Thus, for any t e T, the adjoint action of t gives an algebra 
automorphism Ad^(t) : Endi^*"" Endi^^"". 

The torus T also acts naturally on X = L"cg. The tensor product of the induced T-action on 
Si{X) with the adjoint T-action on EndF®" gives a T action on ^(X,F«'") = ^(X)(g) EndF^"", 
to be called the adjoint action Ad,^^^ : T Aut(^(X, F®")). The map Ad^^^^ is clearly r„- 
equivariant. It is also clear from the construction that the differential of the Ad^^^,^ -action of T 
is nothing but the adjoint action of the Lie algebra t. In particular, we have ^(X, F®")^** = 
^(X, F®")"®«F^. 

Next, we are going to apply the general construction of §4.2 in the following special case. Let 
S — > ^{Lieg,F) = ^(Lreg)<S)EndF be a homomorphism given by the assignment 

li-^-lg)(g)IdF, C'-^l®(8i 
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Wc define a homomorphism : S ^ ^{X, F^") to be the composite of the n-th cartesian power of 
the above homomorphism S ^(Lregi P)^ followed by the natural imbedding ^((Lreg)") F®") ^ 
3l{X,F^'^). This homomorphism is clearly r„-equivariant and the image of is contained in 

Write a^a^ for the action of an element <? S r„ on a G ^{X,F'^^). One checks by direct 
computation that the map a^ is related to the two natural imbeddings : S T and e^. :S ^ 
r„ via the following identity 

(Ad^^,oe,(s))(a)=a,(s-i)-a^rW.a^(s), Vs e S, a e ^(X, i^®"). (4.3.1) 

It follows from (4.3.1) that, for any a e ^(X, i^®")^'^' = ^(x, i^®")'^'^^.*^-'^ and s G S, one has 
^£p(s) _ aj^(,s)-a-ap(,s^^). We conclude that both conditions in (4.2.1) hold for the thus obtained 
homomorphism a : S -> A ^(X, F®")^'^'. 

Further, we have the algebra projection pr : &{X, F'^^^Y^^ ^(X,p, ??), and we let pro a : S — > 
^{X,p, rj) be the composite homomorphism. The Adg^^^^ -action of T on S^{X, F®") clearly descends 
to an Adg,^^ -action on S^{X,p,rj). It follows that conditions (4.2.1) hold for the map proa as well. 
Thus, we are in a position to form !i^{X,p,r])xigTn, the corresponding equalizer smash product. 
We let Dunkl(i>,^) denote the image in S'{X,p,r])xigTn of the element DunklJ' e S>{X,p,r]) x r„. 

The main result of this section reads 

Theorem 4.3.2. Put t = l/|r|. The assignment, given on the generators g € T, vi € Li, I = 
l,...,n (where Li stands for the l-th direct summand in U^), of the algebra V\t,k,c{Pn) by the 
formulas below extends uniquely to a well defined and injective algebra homomorphism 



oDunkl 



Ht,fc,c(r„) — > ^{X,p,ri)>3gTn, g^g, v;i-^Dunkl(v, /). 



The injectivity statement in the theorem is not difficult; it follows easily from the PBW theorem 
for the algebra V\t,k,c(J^n), by considering principal symbols of differential operators. The difficult 
part is to verify that the assignment of the theorem does define an algebra homomorphism. The 
proof of this is quite long and involves a lot of explicit computations. That proof will be given 
later, in §9. In the special case n = 1, the proof is less technical and is presented below. 

4.4 Proof of Theorem 4.3.2 in the special case: n = 1. Let u\,U2 denote the coordinates 
in the symplectic vector space {L,uu). 

For n = 1, the assignment of Theorem 4.3.2 reduces to the map L — > ^(Lreg, F)'>^s^ that reads 

^Dunkl . ^ ^ ^ -V-\ = A A + V C 

o r ^ in dv^ w7 ^• 

For any v,w G Lwe are going to compute all 4 entries of the 2 x 2-matrix representing the opera- 
tor [6|D™'^'(w),6I°™'^1(m;)] g ^(L,eg,i=')xr. First of all, it is easy to see that [6i°""'''(^^)> ^°"""H]i2 
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Next, write eu = ui-^ + U2-^ for the Euler operator. We compute 



77^1,C'^ ' ' 77^1,C 



One proves similarly that [6'°™'''(w), 6i°""'^'(w)]22 = «;)( |f| (eu + 2) + E-y,^!,^ c-y7). Thus, 
we find 

[.--(.),.--(.)] = ^ ((-; J)eu + (° °)) +.(.,.) E c,,. 

Now, in the 1-dimensional Lie algebra i = C, we have the generator 1 which acts in F via the 
matrix d\a,g{ii + \ , ji — \). 'Qy definition of twisted differential operators, in the algebra ^(X,p, 77), 
we have eu = 1 = diag(/U + \, ^, — \). Therefore, in the algebra S>{X,p, rf), we get 

[^°'^">),^°^">)] = ^^((-V^ + 2)) E^^T 

We have 



where in the last equality we have used the definition of from (3.6.2). We find 



In these formulas, the matrix diag(l, —1) G Endi^ is viewed as an element of ^{Lreg,F). The 
image of this element in ^{X,p,r])'xigr, the equalizer smash product algebra, equals 1 xi EriO^ by 
definition. Hence, from (4.4.1) we deduce 

— '75^1 

This completes the proof of Theorem 4.3.2 in the special case n = 1. □ 

4.5 The map QDunki_ jj-^ §4.3, for any e and e' and t G T, we have defined the adjoint 
action Adp(t) : Hom(i^£,Fe/) llom.{F^ , F^>) . This Ad^-action of T descends to an action on 
^{3C,p,r],F^ — > F^i), the corresponding quotient space. The reader should be alerted that the 
resulting Ad^-action on ^^{X,p,ri, F^^ — > i^^/) that we are considering at the moment is different 
from the Ad^^g^p -action of T considered in §4.3: the latter action, comes from the action of T on 
both factors of the tensor product ^(X, F®") = ^(X)(g) EndF®", while the former comes from 
the action of T on the second tensor factor, EndF®", only. 
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Lemma 4.5.1. Let i,j G I. For the algebra ^{3i,p,r]) Xg r„, as defined in ^4-3, one has: 

ei,n-i{^{X,p,v) xisr„)ej>_i = ^{X,p,Q, ^ N^)^", 
ei,n-i{^{X,p,v) >^sT'n)e = S>{X,p,Q,N, ^ N^)^", 
e{^iX,p,r]) xsr„)ej,„_i = ^iX,p,g, N,- ^ N,)^", 
e{^{X,p,r]) >^sr„)e = ^(X,p,e,N«^ N,f". 

Proof. We prove the first equahty; the rest are similar. 

Note that Cr„ej- „_i = 0"^^ iVo®^'"^^®iVj(g)Afo®^""'^ = N*, so 

(^(3e,p,r?) xsr„)e,>_i= ^{x,p,v) {Nf^'-'^mjmf^''-'^), 

l<l<n 

where on the right hand side, s € S acts on 'S>{X,p,ri) by right muhiphcation by a(s). 

For any e = (ei, . . . , e„) € I, wc write s'^ for the character of S whose value at C,(i) is (—1)*^'. 

Suppose S acts on Nf^^~'^''®Nj^^Nf'"'^~^'' by the character s^('\ where e(/) e 1. If j is a sink in 
Q, then e{l) = (0, ...,0), while if j is a source in Q, then e{l) — (0, 1, ...,0) (where the 1 is in the 
Z-th position). Under the above right action of S on ^{X,p,r]) via a, the s'^^'^-isotypic component 
of ^(X,p,r;) is ®eei^(X,p,r?,Fe(i) ^ F,), so 

^{X,p,r]) ®s (iV®('-i)®iV,-®7Vf = 0^^^ ^(X,p,r?,Fe(() ^ F,)mj. 

Now, the space ej,„_i(^(X,p, r/) Xs r„)ej,„_i can be written as 

\l<m,l<n 

The subgroup S C r„ acts on iVf ^"""^^^iV/^iVf ^""""^ by the character s^'(™), where e'(m) is 
(0, 0) if i is a sink, or (0, .., 1, .., 0) (where the 1 is in rn-th position) if i is a source. 

Recall the Ad^-action of T on &{X,p, rj, Fe(;) ~> F^) described before this Lemma. We have the 
group imbedding £t • ^ T, see §§4.2,4.3. Equation (4.3.1) implies that the restriction, via e^, 
of the Adp -action of T to the subgroup S coincides with the restriction, via e^, of the action of r„ 
on !]^{X,p, f], F^(^i^ Fg) to its subgroup S. We have 

((iVf('"-i)®iV*®7Vf("-'")) (g)(®eei^(3e,p,77,Fe(0 -f'e)®^^.-))^ 
We conclude that 

ei,„_i(^(X,p,77) Xs r„)e,>_i = N*(^^{X,p,r],F^(i) ^ Fe,(„))®iV,- 

\ l<m J<n 

The last expression is equal to 2i{X,p, g, Nj Nj)'"". □ 
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Recall the homomorphism 6'^""'^' of Theorem 4.3.2. For any i, j € Jcm, recall the subspacc Bij 
of H defined in (1.7.2). Using Lemma 4.5.1, we obtain by restricting ^^^unki Bij, a homomorphism 

We define the following algebra homomorphism 

QDunkl . g ^ ^(^^p^ ^)r„^ ^ ^^^^^ ^ QDunkl^^. . ^ g. g j^^ 

4.6 Computation of Q^unki ^ gQuiver_ ^ i^jg^ ^£ Qpj^j^ viewed as an element of the 

algebra n'. We would like to compute := e°""^'o6'Q"'™''(o) G the image of that 

element under the composite map Qi>unki ^ ^Quiver 
We will freely use the notation from §3.7. 

Proposition 4.6.1. If a G Q then D" = —<?!>", and D"- is an n x n-matrix with the entries 

{D^'Um = m-'j^ + E c, (^-°i'^"^ + y)- 7-\ and 

fc (0a» °7)i . , / 

)-' = -2^%;:;e^^' 

Proof of Proposition 4-6.1 for n= 1. In this special case, we have Ni = CFej and A^* = CjCF, 
with the pairing defined by 

(ei7,7'ei) = e,77'ei € C. 
Thus, for n = 1 the formulas of Proposition 4.6.1 read 

To verify these formulas, we write the Dunkl map in the form = X^-^gr '^7(^)71 where 

V G L and dj{v) € ^(Lreg, F)- We prove the formula for D"^ because the formula for is easier 
to prove. 

We recall the construction of the map ^Q"'™''. Let (pa* S Homp ( Af/i(a» ), -^t(a*) ® L) be the 
element corresponding to (/)o* € Homr(A/'*^^,^, iV^^^,^ ig) L). Then the map 

Homr(Afh(«.), X) ^ Homr(iV;(„.), 7V;:(„.) ® L) ^ e^(„.)C[F] ® Let(„.) 

from the construction of 9Quivcr jg (jgfjngj by ^ (1 . e;i(a.)). 

Choose a basis vi,V2 in L. Then (j)a* = Yll^i 4>i* ® where e Hom(Ar/i(a.), We 
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consider as element of ^{Lj-gg, N^a*) ~* ^t(a*))^- Prom the construction of ^Q"'"^'*'' we find 



^reg,-'V/,(o*) -'Vt(a»)J 

2 2 

«=i s=i 7er 

We have natural isomorphisms Roui{Nh(a'), Nt(^a')) = Nh{a')'^^t{a') = ^o^{^tia')^^h{a'))- 
deduce 

Under this isomorphism, the element ^(f>a* ° (t"^ + Id) corresponds to (j)a* ° (7~^ + Id) 07"^ and 
-^S— corresponds to . This completes the proof. □ 

We omit the proof of Proposition 4.6.1 for n > 1; it is similar to the above computation in the 
case n = 1. 

It is easy to see that for the edge b: s o, wc have D'' := e""""^' o 6'Q"'™''(6) = -(1, . . . , 1)* and 
£)b* QDunki „ giQuiver^^*-) = . (1, . . . , 1). Thus, for all tt € Q^M, we have computed the operators 

J^a ._ 0Dunkl„5,Quiver(^^ ^ijgj.g j^a g £.). 

Theorem 4.6.2. For all values of c, A:, we have e^'^'''^ o 6)Hoiiand ^ @Dunki ^ ^Quiver_ ^ 
In the special case n = 1, for any edge a £ Q, we have 



^Radial^Holland. 2|r|-l^+ V c/°' ° ' + ^-1 - |r| V ^^llXl. 

Therefore, replacing here the map ^i^^^^iai QRadiai^ gj^^j 

0Radial^Holland(^*)^2|r|-l^+ ^ c^^^lll2-l±M^-l. 

When n > 1, it is completely similar. 



5 Harish- Chandra homomorphism 

Recall that we assume X - d = 1, i.e. t = |r|~^. We shall write Hfe_c for Ht^k,c{^n)- 

5.1 Modified Holland's map. In this subsection, we define a map 9Hoiiand . g^u'e^ — > 21^/, 
cf. (1.6.2). To this end, assume for the moment that u is a formal variable, and the algebras 11, 
n', 1^, 21^' are all defined over C[i^]. 

Lemma 5.1.1. The map gr^^R-adiai-j . grSt^, — > gr(^(X,p, ps)'""(8)C[i/]) is injective. 
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Proof. This follows from Proposition 7.2.2, Theorem 7.2.3 and Proposition 7.2.5. □ 

The preceding lemma implies that gTc^' and 21;^/ are free C[z/]-modules. 
We define a homomorphism 

QHoUand . cg^^CM (^(QcM, a)«)(End N)0C[zv, 1/-^])°^^"' 

by 

0Holland(-g^.) ^^Holland(-g_^.) f^^. vorticCS j, 
0Holland^^*^ ^— 1 ^[Holland ^^*^ 

It is easy to see that since ^Holland (descends to a homomorphism ^Holland . n T^, the homomor- 
phism QHoiiand (Jesccnds to a homomorphism 

QHoiiand . j-^j^-i]^ such that e"°"^"<^ : e.H'e, ^ % [i/" . 

Suppose that X e CQ. By (3.7.5), 6ii^'^diaig,Hoiiand^^*j^^-) vanishes if we set u = 0,so by Lemma 
5.1.1, 

^-Hoiiand(^*^^) e (^(gcM,a)(^- (A-a-ne«))(fl[(a)))GL(«). 
Since x' = (A - 9 - ne^) - uco + nvcs, we have that belongs to 

^(QcM,a)(l - x')(0[(a)) + J^-^(QcM,a)(eo - ne,)(0[(a)). 
Since GL(q;) is a reductive group, wc have a projection map 

pr : ^(QcM,a) ^ ^{QcM,af^^"^ 

such that 

pr(f^(QcM,a)(|-x')(0t("))) C (^(OcM,a)(|-x')(0K")))'''^'"^- 
Thus, the element 0^°^^'''''^{b*Xb) = pv{0^°^^'''"^{b*Xb)) belongs to 

Therefore, e"°"^"^(e^n'e^) C 21^'. Thus, for any e C, we have a homomorphism 
Theorem 5.1.2. The following diagram commutes: 

QQuiver 







Holland 



Six ^ ^m,p,gsf" 
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Proof. This follows from Theorem 4.6.2. □ 
Proposition 5.1.3. The map QHoUand . ggU'es — > is surjective. 

Proof. The algebra If has a filtration with deg(a) = 1 for edges b,b*, and deg(6) = deg(6*) = 0. 
It suffices to show that the associated graded map 

gr(0Hoiiand) . e^gr(n')e« gr(2l^0 

is surjective. 

Now Cs gr(n')es is generated by Cg and b* {eoTl{Q)eo)b where Ti{Q) is the preprojective algebra 
of Q. By [CB, Theorem 3.4], we have 

C[Rep„,(n(Q))]«^("*) = ((C[Rep,(n(Q))]GLW)®n)^'* . 

Denote by 

e°™:n(Q) C[Rep5(n(Q))®End(eie/C*0]^^^^^ 
the natural morphism defined in [CBH], which gives a morphism 

e°^« : eoUiQ)eo C[Rep,(n(g))]«^(*). 

This latter morphism is an isomorphism by [CBH, Theorem 8.10]. 
Now, given an element X e eoll{Q)eo, we claim that 

gr(e"°"'^"^)(6*X5) = -V" l®(f-i)oe^^"(X)(8)l®("-f). (5.1.4) 

Indeed, we have 

gj.(5,Radiai) gr(e"°"^"<^)(6*X6) = gr(e°™''') gT{e^''^^'){b*Xb) (by Theorem 5.1.2) 

= gr(6lR-*dial^ ^_ ^ l»(P-l),g,eCBH^^^^-^»(n-p) j (g g g^ below). 

Hence, (5.1.4) follows from injectivity of gr(5/riadiai^ follows from (5.1.4) and Lemma 6.3.4 below 
that gr(e"°"*"<i) is surjective. □ 

5.2 It follows from Theorem 5.1.2, Proposition 5.1.3, and the injectivity of 0^^""'^^ that we have 
a homomorphism 

^QDunkl^-l^QRadial . g^^, ^ eHfe^^e. 

Since Rep^((5cM) = Rep„^((3) © C", we have an obvious embedding w : 2i{Q,n5) ^{QcM,ct)- 
Definition 5.2.1. The Harish- Chandra homomorphism ^k,c is defined to be the composition 

(@Dunkl\-l ^ QRadial 

^(Q, n(5)GL(n'5) 21^ ^ eHfc,ee. (5.2.2) 



29 



Following [EG], wc define a 1-parameter space of representations Vd of 0[„ as follows. As a 
vector space, Vd is spanned by expressions {xi ■ ■ -XnY ' where P is a Laurent polynomial in 
xi, . . . ,x„ of total degree 0. The Lie algebra 0[„ has an action on Vd by formal differentiation, 
where Cp ^ acts by Xp-^. Wc restrict this to an s[„ action. The desired g[„ action on Vd is obtained 
by pulling back the sl„ action via the natural Lie algebra projection sin, so that the center 

of 0[„ acts trivially. 

Let Fun{...) denote the vector space of functions on a formal neighborhood of a point of the 
slice i"eg- Recall that d = —'nJ2i^i Tr IwiiO&i- We have 

(Fwn(Rep„(QcM)) ® C.^,.)"^"^ = {Fun{Repns{Q))^V^-i ® C_A+e„+a)^'^"^^ • (5.2.3) 

The GL{nS) action on Rep^g{Q) induces a Lie algebra map ad : Qi{nS) — > S){Q,n5). Let 
ad : UQ{{n6) 3>{Q, n5) be the induced map on the universal enveloping algebra of Qi{n5). Define 
the left ideal 

Jk,c ■■= .^(Q,n(5)-ad(Ann(K_i oC-A+eo+a)) C ^{Q,n5). 
By (5.2.3), the ideal J^^c is in the kernel of the map in (5.2.2). 
Theorem 5.2.4. The Harish- Chandra homomorphism induces an algebra isomorphism 

$fe,e : ^(0,n<5)GL("^)/jGL(n^) ^ ^^^^^^ 

Proof. By Theorem 7.2.3 and [EG, Theorem 1.3], the associated graded map, gT^k,ci is the iso- 
morphism in (7.2.4), hence ^k,c is itself an isomorphism. □ 

5.3 Proof of Corollary 1.8.3. Given any C = E^gr ^'tT ^ ^[r], we let C = E-ygr C'tI"^- 
Correspondingly, if A = X^jg/ Tr [jv^ (C)ei, then let A = X^jg/ Tr [jv^ (C)ei. We have an anti- 
isomorphism 

Hfc,c ^ Hfe,e, 9 ^ g~\ u ^ y/^u, Vg e r„, u e L". (5.3.1) 
We also have an isomorphism 

Hfe,c ^ H_fe,c, a ^ (-l)V, g^g, u^u, Va e 5 e T", u e L". (5.3.2) 

The isomorphism in (5.3.2) sends e to e_. 

Now, for any i e / set aJ := Tr |jv«(i • 1 + c^)- We put 

:= -c+2|r|-i V 7, and A^ := V A^e, = -A + 2eo. 

The group GL{n6) acts on det(Rep„^(Q)*) by the character 29. We have 

(K-i®C_A+e<,+a)*® det(Rep„5(Q)*) ^Vl„»CA_eo-a®C2a 

=y_^(g)C_At+e„+a. 

Let i : &{Q,n5) !^{Q,n5) be the anti-isomorphism sending a differential operator to its 
adjoint. Then for any GL(nJ)-module V, 

i(ad(Ann(y))) = ad((Ann (V*® det(Rep„,(0)*)))). 
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The proof of the first isomorphism in Corollary 1.8.3 is now completed by the following isomor- 
phisms 

eH/j^cB — (eH2|r|-i-fc.cte)°^ using Theorem 5.2.4 
~eH2|p|_i_j.-^e using (5.3.1) 

-^-^k-2\r\-\cf^- ^si^g (5.3.2). 

We will prove the second isomorphism in Corollary 1.8.3 later in §6.7. 

6 Reflection isomorphisms 

Except for §6.7, this section is independent of the earlier sections. 

6.1 Let Q be an arbitrary quiver (not necessarily of type A, D, or E). Denote by I the set 
of vertices of Q. Let R = ® jg/ C, and E the vector space with basis formed by the sot of edges 
{a e Q}. Thus, E is naturally a i?-bimodule. The path algebra of Q is CQ := TrE = 0„>o T^E, 
where T^E = Ec^r ■ ■ ■ (^rE is the n-fold tensor product. The trivial path for the vertex i is 
denoted by e^, an idempotent in R. 

Fix a positive integer n. Let R := ii®". For any i G [l,n], define the E-bimodules 

:= i?®(^-i)0i;0i?®("-^) and E := ffi E^ . 

The natural inclusion Eg ^ R®^^~^'> ®TiiE®R®^^~^^ induces a canonical identification TrE^ = 
i?®(^-i)(g)Tfl£;(g)ii®("-^). Given two elements £ e E^ and e' e E„ of the form 



•Oei„, (6.1.1) 

e' = (8)6^2 (X) • • • ®t{a)® ■ ■ ■ ®h® ■ ■ ■ (g)ei„ , (6.1.2) 
where £ m, a,b (z Q and ii, . . . , i„ G /, wc define 

[e, e'J := (ci^ (g) ■ ■ ■ (g)a(g) ■ ■ ■ (g)h{b)(g) ■ ■ ■ (g)eij{ei^(g) ■ ■ ■ (g)t{a)(g) ■ ■ ■ (g)b(g) ■ ■ ■ ®ei^ ) 

-(e^i® • • • ®h{a)® ■ ■ ■ (g)b(g) ■ ■ ■ (8)e,„ ) (ej^ (g) • • • (g)a(g) • • • (g)t{b)(g} ■ ■ ■ mij. 

Note that [s,e'\ is an clement in T^E. 

Definition 6.1.3 ([GG], Def. 1.2.3). For any A = Yl^^j where Aj € C, and v £ C, define 
the algebra ^n,\,v{Q) to be the quotient of T^E xi C[5„] by the following relations. 

(i) For any ii, . . . , i„ G / and £ G [1, n].' 



a -a*— a*-a—\i^eii 

\{aeQ\h(a)=ii} {aeQ\t(a)=ii} 

= v ^ (eii(g) • • • (g)ej^(g) • • • (g)ei„)sj^. 
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(ii) For any e,e' of the form (6.1.1)-(6.1.2): 

{V ■ (eijiE) • • • ®h{a)® ■ ■ ■ ®t{a)® ■ ■ ■ ®ei^)siiTn if b £ Q, a = b*, 
-V ■ (eii® • • • ®h{a)® ■ ■ ■ ®t{a)i® ■ ■ ■ ®ei^)se,m if a&Q, b = a*, 
else . 

When n = 1, there is no parameter u, and An^x^i,{Q) is the deformed preprojective algebra 
UxiQ) defined in [CBH]. 

6.2 Quiver functors. The goal of this section is to put the construction of the functor M — > M 
exploited in §2.2 into an appropriate, more general, context. 

Let T be a nonempty subset of /, and let bt ■= X^ieT ^i- particular, e/ = 1. Let Qt be a 
quiver obtained from Q by adjoining a vertex s, and arrows bi : s i for i Q T. We call s the 
special vertex. We shall define a functor G from A„_;^^y((5)-modules to Il\-^eT+nues ((5T)-modules. 

Let M be an A^^x^v {Q)-mod\ile. We want to define a Ylx—veT+nves 

(QT)-module G(M). For each 

i e I, let G{M)i := e„_i(ei(g)e®'""^^)M. Also, let G(M)s := e„e|"M. If a is an edge in Q, then 
define a : G{M)t(^a) — * G{M)^a) to be the map given by the clement a0e®^"~"^^ e An^x,v{Q)- 
We have an inclusion G{M)s C e„_ief "M = For i we have a projection map 

P^j : 0jeT'^(^)i — ' G{M)i. Define 6i : g(m)s — > G{M), to be the restriction of pr- to 
G(M)^. Define b* : G{M)^ — > G(Af),, to be -i^ • (1 + .si2 + • • • + Si„). 
The following lemma is a generalization of Lemma 2.2.2. 

Lemma 6.2.1. With the above actions, G{M) is a Hx-i^eT+nves{QT)-'module. 

Proof. It is clear that (1 + si2 + • • • + siri)'^"-! = fT-^n- 

On G{M), at the special vertex s, we have J2ieT K^i — —nv- 
At a vertex i G I, i ^T, we have 

aa* — a*a = Xi 

aEQ',h{a)=i a^Q;t{a)=i 

by the relation (i) in Definition 6.1.3. At a vertex i G T, we have 

aa* - ^ a*o =Ai + i/-pri(si2 H h sin) = Aj - - 6^6*, 

a^Q;h{a)—i aGQ;t(a)—i 

using again the relation (i) in Definition 6.1.3. □ 
It is clear that the assigment M G{M) is functorial. We have constructed a functor 

G : A„,A,,/((5)-mod — > Tlx-ueT+nves{QT)-mod. (6.2.2) 
Recall the symmetrizer e„ := ^ SseS„ 

Definition 6.2.3. Let \in,\,v{Q) '■= enAn,x,v{Q)en be the spherical subalgebra in An,x,v{Q). 
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The idempotents e„ and ej. := e®" commute. For M := hn,\,'^{Q)^n^Ti S^^ 

C?(M), = e?;U„,A,.e? 

In this case, G{M)s is an algebra, and the action of esIi.\-veT+nve;,{QT)e.s on G{M)s commutes 
with right multiplication by the elements of G{M)s. Thus, our construction yields an algebra 
homomorphism 

{QT)es — > e^U„,A,i.e5'. (6.2.4) 

6.3 Modified version. The map G is on nonconstant paths when v = 0. For this reason, we 
shall need a slight modification of the constructions in the previous subsection. 

Define H'x-^eT+nve (Qt) to be the quotient of the path algebra CQt by the following relations: 

^[a,a*] +i''^bib* = A - fer, "^K^i = -ncs- 

aeQ ieT ieT 

We have an algebra morphism Ux^^ex+nueAQT) — > ^'x-iycT+niyesiQT) defined on the edges by 

ai-^ a for a ^ b*, b* t-^ ub* . 

This is an isomorphism only when v ^ 0. 

Given a A„_A,y ('5)-module M, we construct a n'^_j^g^_,_„j^g^ ((5T)-module G'{M) analogous to 
G{M) in the previous subsection, the only difference is that now, we let b* : G'{M)i — > G'{M)s 
be —(1 + Si2 H h Sin)- Hence, as above, we obtain a functor 

G' : A„,A,.(Q)-mod H'^.^e.+^.e, (QT)-mod (6.3.1) 

as well as a morphism 

G' : e«n'A_,,^+„,,^(QT)e. e^Un,x,,e^. (6.3.2) 

The algebra n';^_^eT+ni^e3 ^ filtration with deg(o) = 1 for a 7^ bi,b*, and deg(6i) = 
deg(fo*) = for 2 e T. Also, gr(n'^_,^,.^+„j,e, (QT))e,, is generated by and (^©j^gT b*Iio{Q)bi'j . 

We shall assume that Q is a connected quiver without edge-loops, and Q is not a finite Dynkin 
quiver. Then, by [GG, Theorem 2.2.1] and [GG, Remark 2.2.6], gr A„,a,..(<3) = no((5)®" x C[5„]. 
Thus, 

gr(e^U„a,.e^) = ((eTno(O)eT)^")^". 
Now given an element X G ejIlo{Q)ei where z, j G T, we have 

71 

gv{G'){b*Xbi) = 4^~^^ ® ^ ® 4^"""^- (6-3.3) 
p=i 

Lemma 6.3.4. Let A be any associative algebra with unit 1 e A. Then (^A®^)^"^ is generated as 
an algebra by elements of the form 



En 



l®(p-i) ^ X l®("-p), X&A. 
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Proof. Since (^A^'^)^" is spanned by elements of the form a*^" where a G A, it suffices to show that 
the lemma is true for A ~ C[a\, but this follows from the main theorem on symmetric functions. □ 

Proposition 6.3.5. The map G' in (6.3.2) is surjective. 

Proof. It sufBces to show that gr(G') is surjective. This follows from (6.3.3) and the preceding 
lemma. □ 

6.4 Reflection functors. Recall the setting of reflection functors as in (1.8.1). In particular, we 
have the Weyl group W generated by the simple reflections rj for i G I. We also have a nonempty 
subset T c I and we fix a vertex i ^T. 

Let us apply the reflection functor F, to the A„,A,i^(<3)-inodule l^n,\,v{Q)^T- construction, 
we have 

and the left action of eyA„ ri(A),i/(Q)sT ^T^ii^n,x,i^{Q)^T) commutes with the right multipli- 
cation by ej.A„_A,i/(<3)ej- Hence, for i ^T, we obtain a homomorphism 

Fi : e?;A„,,,(A),.(Q)e?; e^K,\AQ)^T- (6-4.1) 

Note that Fi{&'^\J,^^^.(X)AQ)^T) ^ e^U„,A,z/eJ. 

In the special case when n ^ 1, reflection functors were constructed in [CBH]; let us recall their 
definition. Since Hx{Q) does not depend on the orientation of Q, we may assume without loss of 
generality that i is a sink in Q. Let M be a Yi\{Q)-modvi\e, and Mj = ejM for each j e /. For 
each edge a G Q such that h{a) = i, write 

for the projection map and inclusion map, respectively. Define 

tt: Mt^a) ^ M„ 7r:= ^ ao^a, 

a^Q;h{a)=i a^Q\h{a)=i 

and 

lj,:Mi — > Mt(„), fj,:= ^ /i„oa*. 

aGQ;/i(a)— 2 a^Q;h{a)—i 

Observe that tt/U = Aj. Let {Fi{M))j := Mj if j ^ i, and let {Fi{M))i := Ker(7r). If o G Q and 
h{a),t{a) ^ i, then let a : (Fi(M))t(<j) (Ji(M))^(„) be the same map as a : M^^) ^ Affe(a)- If 
a G Q and h{a) = i, then let a : {Fi{M))f(^a) ^ {Fi{M))i be the map (—A.; + ^7r)/Ua, and let a* : 
{Fi{M))i {Fi{M))t(^a) be the map TTa restricted to {Fi{M))i. Letting Fi(M) = (Bjei{Fi{M))j, 
we have defined the functor 

Fi : nA(Q)-mod — > n,..(A) (Q)-mod for any i e /. 

In particular, for the quiver Qt, and for i G I but i ^ T, we have 

Fi ■.Ilx-ueT+nt^es{QT)-modi > ^n(X)-,^eT+nuesiQT)-n^Od (6.4.2) 



34 



Let i G I but i ^T. We define a functor 

in exactly the same way as Fj in (6.4.2). It is easy to see from definitions that the diagram (1.8.6) 
commutes. 

6.5 Relations in rank 1. In this subsection, the rank n is equal to 1. Let £ = (Cy) be the 
generalized Cartan matrix of Q. 

Proposition 6.5.1. For all X & R, we have the following. 

(i) The map 

Fi:{l- ei)Ux{Q){l - Ci) ^ (1 - ei)n,,(A)(Q)(l - e^) 

is an isomorphism, and Ff = Id. 

(ii) If Cij = 0, then 

FioFj = FjoFi : (1 - Ci - ej)ILx{Q){l - - ej) ^ (1 - e, - ej)U^.rj(^x){Q){^ - - ej). 

(iii) Ifdj = -1, then 

Fi o Fj o Fi = Fj o F, o Fj : (1 - e, - e,)nA(0)(l - e, - e,) ^ (1 - e, - e,)n,^,^ (Q)(l - - e,). 

Proof, (i) The algebra (1 — ei)Ii\{Q){l — Cj) is generated by edges a & Q with h{a),t{a) ^ i, and 
paths of length two: 0201 with h{a2), t{ai) 7^ i and ^(02) = h{ai) = i. 

If a G Q and /i(a), t{a) 7^ i, then Fi(a) = a. 

Now let 0201 be a path with h{a2),t{ai) 7^ i and t(a2) ~ h(ai) — i. If 02 al or oi ^ a^, 
then Fj(a2ai) = a2ai. If 02 = a^, then Fi{a2ai) — —Xiet(^ai) + 0201, and so Fi{Fi{a2ai)) = 

— K(^t(ai) + ^i^tiai) + O2CH = a2ai. 

(ii) When £y = 0, there is no edge joining i and j. In this case, it is clear that FiFj = FjFi, 
so FiF, = FjF,. 

(iii) When = — 1, there is precisely one edge in Q joining i and j, say a : i ^ j. The algebra 
(1 — ej — ej)nA((5)(l — Si — Cj) is generated by: 

• edges ai e Q with /i(ai),t(ai) 7^ i, j; 

• paths a2ai with t{a2) = h{ai) = i and h{a2),t{ai) ^ i,j; 

• paths 02ai with f(a2) = h{ai) = j and h{a2),t{ai) ^ 

• paths 030201 with 02 = a, t{as) = j, h{ai) = i and h{as),t{ai) 7^ i, j; 

• paths 030201 with 02 = o*, f(o3) = i, /i(oi) = j and /i(o3),t(oi) 7^ i, j. 
In the first case above, we have FiFjFi{ai) = oi = FjFiFj{ai). 

In the second case above, when 02 7^ o* or oi 7^ Oj, we have FiFjFi{a2ai) = O2O1 = 
FjFiFj[a2ai). When 02 = 0!, wc have 

FiFjFi{a2ai) =F^Fj{-\i + oaOi) = -F;(-Ai + O2O1) 
= - Xi- \j + 0201. 
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since rj{ri{X))ei = Xj; and on the other hand, since rj(A)ej = Aj + Xj, we find 

FjFiFj{a2ai) = FjFi{a2a{) = Fj{-Xi - Xj + 0201) = -Xt - Xj + 0201. 

The third case above is similar to the second case. 

In the fourth and fifth cases above, note that no two of the edges 01,02,03 are reverse of the 
other, so we have FiFjFi{a3a2ai) = 030201 = FjFiFj{aza2ai). □ 

Lemma 6.5.2. (i) If Xi ^ 0, then 

nA(g) = nA(g)(i-e,)nA(0). 

(ii) // €ij = —1, and Xi ^ 0, Xj ^ 0, Ai + A^ 7^ 0, then 

IVxiQ) = nA(Q)(l - e, - ej)Iix{Q). 
Proof, (i) As a Il\{Q)-m.od\i\e, ^ (q)(i-^\yi (q) is zero at all vertices not equal to i, so all edges 



<EQ:h{a)—i 



aa 



of Q must act by 0. But then it must also be zero at the vertex i since AjCi = 

(ii) There is only one edge in Q joining i and j, say a : i j. Let V be the nA((5)-module 
n;^(Q)(i-e^-e )n>^(Q) • ^'^^ ^ is zero at all vertices not equal to z or j, so ^ = Vi ® V^. Suppose 
V ^ 0, say Vj ^ 0. Then oo* = XjCj on Vj implies that a, a* are nonzero maps, and o has a 
right inverse A~^a*. But then a*o = — A^ej on Vi implies that a has a left inverse — A^^o*. Hence, 

Xj = —Xi, a contradiction. □ 

Using Proposition 6.5.1(i) , Ilr.(x){Q){l — Ci) is a right (1 — ei)Ilx{Q){l — ei)-module, and 
nri(A)(Q)(l - - ej) is a right (1 - Cj - ej)Ux{Q){l - ej - ej)-module. 

Corollary 6.5.3. (!) // Xi ^ 0, then 

Fi{M) = n^,(;,)(Q)(l - e,)0(i_e.)n.(Q)(i-e.)(l - ei)M 

for any M e Ha (Q) -mod. 

(ii) IfCij = — 1, and Xi ^ 0, Xj ^ 0, Aj + Xj 7^ 0, then 

Fi{M) = nr,(A)((3)(l - ei - ej)(g)(i_e,-e,)n^(Q)(i-ei-e,)(l - e, - ej)M 
for any M e Ylx{Q) -mod. 

Proof (i) Let M e UxiQ) - mod. By Lemma 6.5.2(i) , 

Fi{M) =n,,(A)(Q)(l - e,)®(i_e,)n,^(,,(Q)(i_e,)(l - ei)Fi{M) 
=nr,(A)((3)(l - ej)(g)(i_e.)nx(Q)(i-ei)(l - ei)M. 
The proof of (ii) is similar, using Lemma 6.5.2(ii) . □ 

Corollary 6.5.4. (i) If Xi ^ 0, then if = Id. 

(ii) If€,j = 0, then FiFj = FjFi. 

(iii) IfCij = -1 and Xi ^ 0, A^- ^0, Xi + Xj ^ 0, then FiFjFi = FjFiFj. 

Proof, (ii) is trivial, while (i) and (iii) are immediate from Proposition 6.5.1 and Corollary 6.5.3. □ 

Our proof of Corollary 6.5.4 appears to be simpler than earlier proofs, see [CBH, Theorem 5.1] 
(for (i)), [Na, Remark 3.20], [Na, Theorem 3.4], [Lu2], and [Mafj. 
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6.6 Relations in higher rank. In this subsection, n is an integer greater than 1. We shall 
show that the reflection functors Fi of (1.8.1) satisfy the Weyl group relations when the parameters 
are generic. 

We omit the proof of the following proposition since it is completely similar to the proof of 
Proposition 6.5.1. 

Proposition 6.6.1. Let i,j € /. The homomorphisms of (6.4-1) satisfy the following for any 
Xe R and v e C; 

(i) LetT = I\ {i}. Then the map 

Fi : ej'A^ ,^((5)ej. > ^T^n,x,v{Q)^T 

is an isomorphism, and FioFi = Id. 

(ii) LetT = I\ {i,j}. If <tij = 0, then 

Fi oFj = Fj oFi : &Tf^n,rirj{\),v{Q)^T ~^ ^T^n,\,v{Q)^T- 

(iii) LetT = I\ {i,j}. If = -1, then 

FioFjoFi = FjoFioFj : e^kn^rirjri{X),v{Q)^T ~^ ^T^n,\,v{Q)^T- 

□ 

Next, we have the following generalization of Lemma 6.5.2. 

Lemma 6.6.2. (i) LetT = I\{i}. If\i±pv ^ forp = 0, 1, n—1, then A„^a,i/ = ^n,\,iy^T^n,x,u- 
(ii) Let T = I\{i,j} and suppose =0. If Xi±pu ^ and Xj ±pu ^ forp = 0, l,...,n— 1, 

then ^n^X,iy — ^n.Xjy^j'^n.Xjy ' 

(ii) Let T = I\ {i,j} and suppose €ij = —1. If Xi ±pv ^Q, Xj zLpv ^ and Xi + Xj ± pv =^ Q 
for p = 0, 1, n - 1, then kn,x,v = l^nX'^^Tf^n,x,v 

Proof. The proof is similar to the proof of Lemma 6.5.2. 

To prove (i) , let V be the A„ x ^-module -r — ^^Hrr where T = I\{i}. For any n-tuple of 

vertices ii, . . . , i„, we let '■= (^-ii® • • • (^ei^)V, so y = 0-^ -^^j Since e^F = 0, 

we have Vi^_...^i„ = when none of ii, ...in is i. Suppose now that i appears m times in ii, ...in- Wc 
shall prove by induction on m that Vi-^^,,,,i^ — 0, so wc assume that the statement is true whenever 
i appears less than m times. Without loss of generality, say ii = ■ ■ ■ = im = i- Then by the 
relation (i) in Definition 6.1.3 and the induction hypothesis, we have 

m 

{Xi + v^su)Vi,,...,i^=Q. 

1=2 

By [Ga, Prop. 5.12], the clement + v^^^^^ is invertible in the group algebra Cf^n]. Hence, 
Vii,...,i„ = 0, and (i) follows by induction. 

The proofs of (ii) and (iii) are similar, using induction. □ 

As in the previous subsection, we obtain 
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Corollary 6.6.3. (i) LetT = I\ {i). If Xi ± pi/ for p = 0,1, ...,n - 1, then 
Fi{M) = A„_^.(A),^e?.(g)^„^^^ _^^„e?.M, VM e A„,A,>.-mod. 

(ii) Let T = I\{i,j} and suppose €ij = 0. If Xi ±pu ^ and Xj ±pu ^ forp = 0, 1, ...,n— 1, 
then 

(iii) Lei T = I\{i, j} and suppose = — 1. If Xi ± pv ^ 0, Xj ± pv ^ and Xi + Xj ipv ^ 
for p = 0,1, n — 1, then 

Proposition 1.8.2 is immediate from Proposition 6.6.1 and Corollary 6.6.3. 

6.7 Shift functors. In this subsection, we return to the case when Q is the affine Dynkin quiver 

associated to F. 

Let C — (<tij) be the generalized Cartan matrix of Q. The affine Weyl group W is generated by 
the simple reflections for i G /. It acts on C''^ by ri : ^ , where ri{X) = A — X^je/ ^ij^i&j- 

Let Q' be the finite Dynkin quiver obtained from Q by deleting the vertex o. The Weyl group 
W of Q' is the subgroup of W generated by the rj for i ^ o. Let £' = {^'ij) be the Cartan matrix 
of Q' . Then W acts on ©j^oCej by rj(A) = A — X^^^q C^ijAjej. Denote hy wq & W the longest 
element of W . 

If i G /, then let i* G / be the vertex such that iVj. = A^*. Recall that if A = X^j^/ Ajej, then 
A = Z^ie/ Aj.ej. 

Lemma 6.7.1. For any A G wii/i A • (5 = 1, we have wo{X) = —A + 2eo. 

Proof. The projection — > ©i^^oCcj is W-equivariant with kernel Ceg. We write A = AqCo + A' 
where A' G ffij^oCej. Now wq{X) — wo{X') G Ccq and wo(A') = —A'. It follows that wo{X) = 
-X + 2{X-S)eo. □ 

We will now prove the second isomorphism in Corollary 1.8.3. For each vertex i ^ o, we have, 
from (6.4.1), the homomorphism 

Ft : e_A„_ri(A),,v-i(Q)e- — > e_A„,A,i/-i((5)e- 

which is an isomorphism by Proposition 6.6. l(i) . By writing wq as a product of simple reflections, 
we get an isomorphism 

: e_A„_^^(A),i,_i(Q)e_ e_A„,A,i.-i((3)e_. (6.7.2) 

Proposition 6.6.1 implies that this isomorphism does not depend on the choice of presentation of 
Wo as a product of simple reflections. 

Write Ht,fc,e = Ht,fc,e(r„). By [GG, (3.5.2)], there is an isomorphism /®"H(,fc,,/®" = A„,a,.(Q) 
where / = J2iei ^i- particular, e^Ht,k-2t,c'e- = e_A^^^^^_^((5)e_, and e^Ht^k-2t,cG- = 
e_A„_A,y-ie-- By Lemma 6.7.1, A^ = wo(A), so by (6.7.2) we have the isomorphism 

Fwo : e_Ht,A;_2t,c'e_ — > e_Ht,fe_2t,ce-. 
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This completes the proof of Corollary 1.8.3. 

Using the isomorphism eHt h^c^ ~ e-Ht^k-2t,c^- of Corollary 1.8.3, we can consider Ht^k-2t,cG- 
as a (Ht,/;_2t,c,eHt,fe,ce)-bimodule. 

Definition 6.7.3. The shift functor is defined to be 

S : Ht,;;,c-mod — > H(,fe_2t,c-mod, V i-^ Ht,k-2t,ce-(S)eHt,k,c<^^^- 

7 Extended Dynkin quiver 

7.1 F-analogue of commuting variety. In this subsection, we will prove a generalization of 
[EG, Theorem 12.1]. 

Let i?(r, n) be the space of extensions of the representation Cr(g)C" of F to a representation of 
T{L) X Cr, i.e., 

R{T,n) := Homr(i., Endc(Cr(g)C")). 

Let Z = Z{T,n) be the (not necessarily reduced) subscheme of R{T,n) consisting of those repre- 
sentations p such that p{[X, Y]) ^ for all X,Y E L. 

Now cr = (Biei End(A^j). Let pi G CF be the idempotent element corresponding to the identity 
element of End(A^j). Define Zi = Zi{T, n) to be the (not necessarily reduced) subscheme of i?(F,n) 
consisting of those representations p such that, for all X,Y E L, we have p([X, Y]pi) = for i ^ a, 
and A'^p{[X,Y]po) = 0. We remark that p{[X,Y]po) is a n x n-matrix and A'^p{[X,Y]po) = 
means that all 2 x 2 minors of this matrix vanish (so its rank is at most 1). 

We shall denote by J and Ji the defining ideals of Z(F,n) and Zi(F,n), respectively. Thus, 
Z{r,n) = SpecC[i?(F,n)]/J and Zi{T,n) = SpecC[i?(F, n)]/ Ji. Let G := Autr(CFoC").' Observe 
that the group G acts on i?(F, n), Z{r,n), and Zi{T,n). 

Theorem 7.1.1. One has: = . 

It is clear that J D Ji, so J'~^ D . To prove Theorem 7.1.1, we have to show that J'^ C J^. 
We need the following lemmas. First, let us fix a basis X, Y for L. 

Lemma 7.1.2. The ideal J"^ is generated in C[i?(F, n)]"^ by functions of the form p i— > Tr{p{Q[X, Y])), 
where Q e T{L) x CF. 

Proof. This follows from Weyl's fundamental theorem of invariant theory. □ 

Therefore, it suflices to show that Ti-{p{Q[X,Y]pi)) = (mod Ji) for all p G i?(F,n), Q e 
T(L) X CF, and i E I. This is obvious for i ^ a from the definition of Ji. For / = o, we shall prove 
it by induction on the degree of Q. The case degQ = is clear, so let d > and assume that 
Tr{p{Q[X,Y]po)) = (mod Ji) whenever degQ < d. 

Lemma 7.1.3. Let degQ = d. If Q = Qi[X,Y]Q2 for some Qi,Q2 e T{L) x CF, then 
Ti{p{Q[X,Y]po)) = (mod Ji). 
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Proof. Wc may replace Q, Qi, Q2 by PoQPo,PoQiPo,PoQ2Po respectively. Modulo Ji, and writing 
in terms of matrix elements, we have 

TripiQ[X,Y]po)) - Tr {piQi[X,Y]poQ2[X,Y]po)) 

= X! Y]po)mqP{Q2)qrP{[X, Y]po)rl 

= PiQl)lmP{[X, Y]po)^mlp{Q2)qrPi[X, Y]po)rg (sinCe A^P^X, Y]po) = 0) 

= TiipiQi [X, Y]po)) Tv{p{Q2[X, Y]po)). 

This is equal to zero by induction hypothesis. □ 

Let If : T{L) yi CF S{L) x: CF be the quotient map, where S{L) denotes the symmetric 
algebra on L. The preceding lemma implies the following corollary. 

Corollary 7.1.4. IfdcgQ < d and Q € Kenp, then Tt{p{Q[X,Y]po)) = (mod Ji). □ 

Note that elements of the form (aX + hY)"^ (where a, 6 e C) span a set of representatives of 
S{L) in T{L). Thus, it remains to show that Tr(p((aX + bY)'^[X ,Y]po)) = (mod Ji) for any 
a, 6 e C and m < rf. This is equivalent to showing that Tr(p((aX + hY)'^[X,Y])) = (mod Ji). 
But we have 

Tv{p{{aX + hYr[X,Y])) = -^J--^TV(p([(aX + 6yr+Sy])) =0. 
This completes the proof of Theorem 7.1.1. 

7.2 Let PCM '■ ReP(j(QcM) qK^) be the moment map, and Zqm = Mcm(O) scheme theoretic 
inverse image of the point 0. It was proved in [GG2, Theorem 1.3.1] that Zqm is a reduced scheme. 
Now, there are natural algebra morphisms 

C[Zf ^ C[Zif C[ZcMf. (7.2.1) 

By Theorem 7.1.1, / is an isomorphism. The following proposition and its proof is a straightforward 
generalization of [GG2, Proposition 2.8.2], given our Theorem 7.1.1. 

Proposition 7.2.2. The morphism g in (7.2.1) is an isomorphism. □ 

Prom Proposition 7.2.2 and [GG2, Theorem 1.3.1], we have the following generalization of [GG2, 
Theorem 1.2.1]. 

Theorem 7.2.3. One has: J'^ = \fj ■ □ 

Let Z'^'^'^ := SpecC[Rep„5((5)]/\/j, a closed subvariety of Rep^g{Q). Define an embedding 
J : Lrcg — ' Rep„5((5) hy j{ui,...,Un)a = {<Pa{ui),...,(l)a{un)) for any a £ Q. Using formulas 
(8.2.1) from §8.2 below, we deduce that the image of j lies in Z'^^'''. Fullback of functions gives a 
morphism 

/ :C[Z"-'*]^ C[Ly^". (7.2.4) 
By [CB, Theorem 3.4] and [Kr, Corollary 3.2], we have the following proposition. 
Proposition 7.2.5. The map j* in (7.2.4) is an isomorphism. □ 
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8 Proof of Proposition 3.7.2 

8.1 The formula of Proposition 3.7.2(i) is clear. Next, we have 

d 



P,9 



To compute the restriction of 6^^,(8)5^ to j(L"gg) at a point u = (tti,...,u„) G i"eg' 
gp,q{s) = Id + eBp^g be an element of GL(a) such that 

9p,qi^) ■ 0(u) + £e'^,q) = J(u) + eXw), w G L^^eg, (8-1.1) 
where we omit terms of higher order in e. Then for a function / e 0{x, N), we have 
d d 

=e«,P®^x(5p,9(£))5pw(e)"V(j(u) + ej(w)) (8.1.2) 
=C®^/0(u)) + e«,® .^^ X,- TV(BW )Id - B,,,) /0(u)) 

where 'Bp}q is the component of Bp_g in 0t(aj). We shall write Bp-^g for j G / as a n x n block 
matrix ®i<£,m<nBp"^g(£, m) where Bp'^g(£, m) G flK^j) is the (£, m)-th block. Similarly, we write 
g as ®i<e,m<n^p,q{^ifn)- By (8.1.1), we need to solve the equations: 

if ^ ^ m 



B(^('^»(£,m)0„(«„) -</.,(«,)B«'^»(£,m) +e;,(£,m) = | ^^^^^^ .^^^^ 

71 

5^B(°)(^,m)-B(^)=0. 

m=l 

where 1 < ^, m < n. We shall set Bp*q = 0. 

Suppose — l)<5/i(a) < P < ('■Sh(a) a-nd (m — l)(5t(a) < 9 < 'm'St(a) where m G If ^ 7^ m, 

then we set Bp-^g(£',m') = whenever ^' ^ m' and (£',m') ^ (£,m). If £ = m, then we set 
B^^](f , m') = whenever £' ^ m'. 

8.2 Proof of (3.7.3). First of all, it is immediate from (2.1.1) that 

(pa*{u)(l>a{w) = 6iUj{w,u)ldN^, for each sourcc z in Q; (8.2.1) 

a&Q;t{a)—i 

(j)a{w)(j)a* (u) = 6jUj{w, u)ldjvj' , for each sink j in Q. 

a£Q;h{a)=j 

Next, we find a collection of operators Pi G End(A^*) such that 

Mu)Pi - Pj<t>aM = fa (8.2.2) 
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where i = t{a), j = h{a), and /„ : TV* N* are given operators. We write the collection /3, as an 
element "^P-yj of C[r]. Since ^(j)a{w) = 4>a{iw)^, we get 

- 7U;)7 = fa, ^(3ry^(t)a{l~'^U -W) = fa- 

We multiply the first equation above by <j)a' {u) on the left and add over all edges going out from i. 
Similarly, let us multiply the second equation above by {w) on the right and add over all edges 
going into j. 

Using formulas (8.2.1), we obtain: 

6i^l3^uj{u,'yw)'y\N- = ^ ^a'{u)fa, for sources i; 

aEQ',t{a)=i 

^j'^(^"t^{u,7w)'y\N- = ^ fa(t>a*{w), for sinks j. 

a^Q;h{a)=j 

This implies that 

=a;(u,7«^)-'|r|-i ^ (xr |;v*(„,(/a<^a-H7-') +TrU*„^(.^„.(u)/„7-')) • (8.2.3) 

Hence, if I ^m, for ®j^i'Rp}q{l, m) we get the expression 

^a;(u^7t^m)"'|rr' (Tr|jv.(^^(e»,<^„.(w„)7-') + Tr|jv;„ (</.„. (u^)e», 7"')) 7- (8-2.4) 

and so, for B^°^(^,f) = -B^';^(^, m) we obtain the expression 

-^a;(w^,7«„)-i|r|-i (Tr|;v.(„^(e»,<^„.(w„)7-i) + TV |;v*„^ (</.„. (u^)e«g7-i)) . 

Thus, for all j e /, for B^'^](^,f) we obtain the expression 

- '^("«' 7Wm)"'|r|-i (Tr I jv*^^, (e;,,0a* (w™)7-') + Tr (</.„. (w^)e^,g7"')) Id^, x5,. 

It follows from the last formula and from (8.1.2) that for t ^ m, the (m, ^)-entry of the radial 
part of 6i"°"''"'i(a*) is 

t-Sh(a) rnSt^a) 
p=(«-l)5^(„) + l9=(m-l)5t(<,) + l \jei jei 

Note that, since C acts by —1 on L and by 1 on N^^y 

{4>a')m _ {4>a')m 



w(7C;^,to) a;(7;^,m) 
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and so 

Hence, the (TO,£)-entry of the radial part of (a* ) is equal to 



k {(l)a' 



~ 9 2^ 



2 w(7; m, ^) 



7- 



Proo/ of Lemma 3.3.1. We set /„ = in (8.2.2). Then from (8.2.3), we have a;(u,7w;)/3^ = for 
all 7 e r. Since not all are zero, we must have w(u, 7w) = for some 7. □ 

8.3 Proof of (3.7.4). We need to solve ^a{u)Pi - Pj(t)a{u) = fa - <Pa{w). 
As above, for 7 ^ we obtain 

(3^=u{u,ju)-'\r\-' (Tr |;v-(„, (/a<^a- (w)7"') + Tr|jv;„(<^a-(«)/a7"')) • 

aeQ 

Moreover, multiplying on the right by 0a* (v) and summing over all incoming edges a € Q at 
the vertex j, we get 

^J^Pl^il'^U- U,v)-f\N^ = ^ fa(pa'{v) - 6jOj{w,v). 

Take the trace of both sides this equation and sum up over all sinks j. We have ® gink = 
C[r/S], where 5 = It follows that the trace of 7 in the last sum vanishes if 7 7^ 1,^. Let 

/3f = 0. Then 

«; = 2|r|-i^Tr(/„</.,.). (8.3.1) 

aeQ 

Hence, for ^ = m, we get 

®,e/B^](TO,m) (8.3.2) 
= J2 ^("m,7^ir„)"'|rr^(TrU.^^^(e«,(0aO»n7'')+Tr|A,.^^((0aOme;,,7"i)) (7-I). 

It follows from (8.1.2), (8.3.1), (8.3.2) and (8.2.4) that the (m,m)-entry of the radial part of 

^Holland is 

Ma7^+ E E <,(m,m)K^x,TV(B«(m,m))-5:B«(m,m) 

-EE E e«,(m,^)^B«(^,m) = 

£7tmp=(£-l)5^(<,) + l g=(m-l)5t(<.) + l jel 
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2 d 1 7 ^ ■ {Mm + {Mm ■ 1 ^ { , 1 /X T I ^ ^^ 

= M^(^ + M^£ ^Ji^) (^-7 + l-i:x.(^.-Trk;(7)) 

1 (<^a- °(Id + 7~^))m,^ o on 

= 4. J_ V ° (^"^ + Id))mm IN , J_ V V 

|r|5(</.„.)m |r|^^^ c.(7;m,m) ^ + I I ^ + |r| Z^Z. ^(^. ^, ^) • 

The last term in (8.3) comes from (8.2.4). 

It is even easier to compute the radial part for the edge b : s ^ o. We omit this computation. 
This completes the proof of Proposition 3.7.2. 

9 Proof of Theorem 4.3.2 

9.1 It easy to check that the operators R!^i have the following r^-equivariance properties: 

Imiiml = ^ml 7m) lli<-ml = ^mllU 
SmlRml ~ ^Im^mh ^mjRml ~ ^jl^mji ^Ij-^ml ~ ^mj^lji 

where j 7^ m, I. It implies that g@^'''^^\v) = Qp'^''^^g{v), for any c/ e r„ and e L%^. 
Next, we prove that 



First we prove 

[j^j^.^ QDunki^^^] + [e?-^'("'), RU = \^{v^, ^^i7i77\ l<i^j<n. (9.1.2) 



l<i<n. 
(9.1.1) 



Wc prove that (9.1.2) holds if wc apply both sides to /, a basis vector in F®" such that 
— /^i cf. (4.1.4). Indeed, in that case we have 



[i?-,e?-»](7)= ^R^^iD^), + ef--^\v)-Y,^^^^ {f) = Af 



where 

1 vUlw)) _i „ 1 wUlv)) _i 

^ = -0 / -1 ■ ■N gii7i7j , resp., B = - > .^. %7»7j • 
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These formulas yield 

We consider the case fi = f~, fj = /"*"• Then we have: 
because in the sum the terms corresponding 7 and C7 mutually cancel. Analogously, 

For the same reason wc also have X]7Gr ^ijlilj^ / = 0- 

We consider the case Ji = fj = f~ . A similar argument yields 

The case /j, fj = f~ is analogous to the first case and wc have 

[iiS,e?"->)i/ = ii:;;^^i2-^ 



and 



7er 



7er 

We remark that for any I < j ^ i ^ k < n and w, v e L we have RfjR^^. = RikRfj = 0- ^ow, 
(9.1.1) follows from this equation, the n = 1 case of Theorem 4.3.2, and (9.1.2). 



9.2 Next we prove 

k 

■yer 



[eD"""(w;,),e°""'^i(t;„)] = -'l^u;L{lu,v)sim-/a;n\ l<i^m<n. (9.2.1) 
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To this end, we rewrite the RHS of (9.1.1) as follows 

We first prove that 

For that it is enough to show that 

^Tm^mj - ^mj^j + ^Tj^mi = 0' ^nd - R!^jK^^ + R^jR^j - Rmi^ij = 0' (9.2.2) 

We prove the first equation, the second is proved similarly. Let / be a basis vector in F®" 
such that fi,fj,fm = /"*") cf. (4.1.4). We compute 

X] a;(/3~i ; i, m)a;((7^)~i ; 

We change summation indices at the first term as 7 ^ 7/3, /? 7 and at the third term as 

7^/3-1,/? ^7/3. We get 



E 



^^7")/ (7t')r(/3^«);; 



w(/3 i;i,m)a;(/3 i;i,j) ^(7 i;m,j)w(/3 1;i,to) 



(7/?t/;)j7^J , . , 

+ a;(/3-i;z,j>(7-i;m,j)'''^'"'™^'^''^"^^ ^ ^^'"^ 



V 



where 1^,7, m.j is given by the following expression 
Y0,^,m,j = {wyu!{'j~'^;m,j) - (/3w)^a;(/3"Si, j) + {■yPw)]u;{f3~'^;i,m))-SimSmj0i7miP~^^~^)j- 
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We consider the case f^, = f+ , fj = f : 

\V/0-l„V 



Performing the same change of summation indices as in the previous paragraph, we deduce 
that the following sum vanishes 

^ wnp-'v^^h-'imj) - t;X(7/3)-^ ^, j) + iv^cojp-'; i, m)) _ 

a;(/3-i;i,m)a;((7/3)-i;»,j>(7-^m,i) «i™5™i/^i7r.(/^ 7 J,'/- 

It easy to see that if fi = /" or = /" then Rf^Rl^^j f = Rl^jRfj f = Rf^Rl^^^ 7=0. Thus, 
we have proved (9.2.2). 
Now we prove that 

[^Tm'^mi] = fl- 
it is easy to see that [Rfm'^milf = when fi = /" or = If = /+ then 
i^Tm' / = is equivalent to: 

Fix some 7,/3 € F. Let a := fi-y, /? := 7/?. It is easy to see that the coefficient in front of 
ctmPj^^ f in (9.2.3) is equal to 

where Z13 is the notation for the centaralizer of /? e F. We notice that a is conjugate to (5, hence 

if /3 = 1 or /3 = C then a = (3 = /3~^ and (9.2.4) is zero. 

Thus we can assume that P In this case Z/j is a cyclic group. We denote the order of 

by I and let p be a generator of Z^. Then we can assume that /3 = for some q,0 < q < I. 
Let a.h £ L bo the basis in L such that pa = ea, pb = er^h where e is some primitive Ith. 

root of 1. Let x — a* and y = b* . We make change of variables Pum Um in (9.2.4). Let 

Zmi = Xiym/ixmUi)- Then, (9.2.4) is proportional to 

1 1 ^ 1 



y I = ^y-_ 



l-l 



El 1 ^ 
. ,2q— 2p ~ . p— 2p 
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Finally we show that 



7er 



imli'yra 



If fi-ifm = then the terms in the LHS of the sum below corresponding to 7 and 7C mutually 
cancel out, and we deduce 

--j(^'^L{lW,v)Simlii:;n^)l =0. 

In the case fu fm = /" we know that [eP"'^'^i(t(;), / = [R^^, e^''''^\v)] / = 0. In the case 
fi = fm = /+ we have 

Fix a conjugacy class C C F. Then the coefficient in front of-^C/j, /? e C at ([eP""'''(w;), R'l^ni\ + 
[^rr.0m"'^'(«)])/ is equal to 

/ , I o ■ ■\ I —1/3—1 ■\''m%\i-' ] )m\] )i I _i , r, \^m%]m\i-'] Ji 



u;(7 i;i,mV(/3;i,i) J 



a;(/3; m, m)w(7 ^;i,m)' 
Fix 7 e r, /3 e C. Then the coefficient in front of Sjm(/?7)m7j~^ is equal to 

^ (/3»;y+tz;V)/37t;r _ ^;^(7-^< + 7-^r ^^^;^) 
u}{l3; i, i)u{l3'y; m, i) to{(}'y; m, i)u{'y~^Pj; m, m) 



u}{'y 1/37; m, TO)a;(7; i, m) u;(7 ^;i,m)Lo{P;i,i) 

We see that F = F{ui,Um) is a homogeneous function in two variables, of bidegree (—1, —1), 
that is F e H°{F x P,0(-1) lEl 0{-l)). It could have simple poles along the divisors Ui ~ (3ui, 
(3jUjn, Ui ^ p-fUrn, Ui ^ 7?i„ whcrc stands for being proportional. But is easy to 
check that the residues actually vanish. We deduce that F = 0. 

The coefficient in front of Smilmli^l in the part of ([eP""'^'(w;), iJ^^J + [Rfm^^"^\v)])J 
that does not contain coefficients c-y, 7 e F, equals 

9 i^y d d d 7-'< 

~r / — 1 — 1 \ / — 1 • \ \ ~r 



w(7-i;m,i) a;(7-i; m, i) 9(7-%)™ ui{'y-''';i,m) d{'yv)i w(7-i;i,m)' 
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It is easy to show that this expression vanishes since we have 



d 




d 



,v 



d 



uj{w, f )eu. 



d{'jv) 



v.. 



m 



We consider the case fi = f ^ fm = f~^- Then we have [-R-^, 6m (^)] / = and 




a;(7-i;m,i) 



The analysis of the case fi = , fm = f is similar. 
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